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Abstract—With the promise of meeting future capacity de-
mands, 3D massive-MIMO/Full Dimension MIMO (FD-MIMO)
systems have gained much interest in recent years. Apart from
the huge spectral efficiency gain, 3D massive-MIMO/FD-MIMO
systems can also lead to significant reduction of latency, simplified
multiple access layer, and robustness to interference. However, in
order to completely extract the benefits of the system, accurate
channel state information is critical.

In this paper, a channel estimation method based on direction
of arrival (DoA) estimation is presented for 3D millimeter wave
massive-MIMO OFDM systems. To be specific, the DoA is
estimated using Estimation of Signal Parameter via Rotational In-
variance Technique (ESPRIT) method, and the root mean square
error (RMSE) of the DoA estimation is analytically characterized
for the corresponding MIMO-OFDM system. An ergodic capacity
analysis of the system in the presence of DoA estimation error
is also conducted, and an optimum power allocation algorithm
is derived. Furthermore, it is shown that the DoA-based channel
estimation achieves better performance than traditional linear
minimum mean squared error estimation (LMMSE) in terms
of ergodic throughput and minimum chordal distance between
the subspaces of the downlink precoders obtained from the
underlying channel and the estimated channel.

Index Terms—3D Massive MIMO OFDM Systems, Millimeter
Wave Communication, Parametric Channel Estimation, 5G.

I. INTRODUCTION

In recent years, wireless communications have experienced
an unprecedented growth-rate of wireless data traffic due to
the rapid introduction of various connected mobile devices and
excessively data-hungry applications run on those devices. Ac-
cording to the International Telecommunication Union (ITU)
[3], the total number of mobile cellular subscription is fast
approaching the total number of people living on earth, and
is expected to be more than 7 billion by the end of 2015,
which corresponds to a penetration rate of 97%. Cisco Systems
predicts that Global Mobile data traffic will increase nearly ten
fold between 2014 and 2019 reaching 24.3 exabytes per month
in 2019 [4]. In order to fulfill this huge capacity demand,
multiple-input-multiple-output (MIMO) [5] systems have been
introduced as the primary solution to increase the spectral-
efficiency of the underlying communication system. However,
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the presently available MIMO transmissions, allowed by LTE-
Advanced systems [6], do not support more than 8 antenna
ports at the base station.

Recently, a new MIMO paradigm called massive-MIMO,
also known as large-scale MIMO, has created much interest
both in academia [7]-[10] and industry [11], with the promise
of meeting future capacity demands by providing increased
spectral-efficiency achieved through aggressive spatial multi-
plexing. Considering the form factor limitation at the base
station (BS), instead of placing a large number of antennas
horizontally, three dimensional (3D) massive-MIMO systems
employ those antennas in a two dimensional (2D) antenna
array enabling the exploitation of the degrees of freedom
in elevation domain along with those in the azimuth do-
main [12]. Accordingly, 3D massive-MIMO is also called
full-dimension MIMO (FD-MIMO) in 3GPP LTE-Advanced
systems. Apart from the huge potential of providing excellent
spatial resolution and array gains, massive-MIMO can also
offer a significant reduction of latency, a simplified multiple
access layer, and robustness to interference [13]. With the help
of a large number of antennas, this system can concentrate
more energy in a particular direction leading to a dramatic
increase in energy efficiency. Furthermore, massive-MIMO
is the key enabling technology for gigabit-per-second data
transmission in millimeter wave (mmW) wireless communi-
cations with carrier frequency between 30 and 300 GHz. In
mmW communications, it becomes feasible to pack a greater
number of antennas at the base station. However, the benefits
of Massive MIMO are limited by the accuracy of the channel
state information (CSI) obtained at the transmitter. The CSI
is critical for functionalities such as downlink beam-forming,
transmit precoding, and user scheduling.

In general, there are two methods to estimate the MIMO
channel. First is the traditional way where the channel trans-
fer function is estimated. Channel state information can be
obtained by sending some predefined pilot signals/reference
signals and estimating the channel matrix from the received
signal. Alternatively, channel estimation can be performed
based on the parametric channel models where directions
of arrival (DoA) and directions of departure (DoD) of the
resolvable paths can be estimated [14], [15]. The time division
duplex (TDD) 3D massive MIMO system can exploit the
channel reciprocity in order to acquire the channel state
information (CSI). To be specific, using the parametric model,
the base station can estimate the DoAs in the uplink. Then with
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the perfect calibration of the uplink-downlink signal chains, in
the downlink the base station can generate the beamforming
vectors based on the channel estimation (DoAs) conducted in
the uplink phase.

MIMO technology, together with Orthogonal Frequency
Division Multiplexing (OFDM), offers efficient ways of in-
creasing the spectral efficiency of the cellular system. The
high-data-rate wireless transmission schemes, such as OFDM,
converts a frequency-selective MIMO channel into a parallel
collection of frequency-flat subchannels, which is beneficial
for detection and channel estimation. It is shown in [16]
that unprecedented spectral efficiency and promising system
throughput can be obtained by combining these two powerful
technologies— MIMO and OFDM. Because of the sensitivity
of MIMO algorithms with respect to the underlying channel
matrix, channel state information is particularly critical in
order to assess the performance of the MIMO-OFDM systems.

In general, channel matrix for a MIMO system can be
modeled in different ways. The parametric channel model is
adopted by performing virtual direction-of-arrival (DoA) and
direction-of-departure (DoD) estimations of resolvable paths.
It provides a simple geometric interpretation of the scattering
environment in characterizing the two key MIMO channel
metrics: ergodic capacity and diversity level [17]. Despite the
advantage of reducing the number of estimation parameters,
it is shown in [18] that channel estimation based on DoA and
DoD provides the best performance in terms of error bound.

The contribution of the paper can be summarized as follows:

o First, based on a parametric channel model, we present
a DoA estimation method for the single user 3D massive
MIMO OFDM system. It has been shown that ESPRIT
type algorithms can be elegantly deployed for estimating
the azimuth as well as the elevation angles efficiently.

o Second, we derive an analytical expression for the root
mean square error (RMSE) of the angle of arrival estima-
tion for different channel taps. Our simplified results for
the case of the 3D massive MIMO system show that if
the angles are drawn independently from any continuous
distribution, the RMSE depends heavily on the number
of antennas, antenna orientation, number of snapshots,
and correlation of the transmitted signal. Accordingly,
valuable insights into pilot sequence design can be drawn
for the massive MIMO OFDM systems.

o Third, we present a throughput analysis for the 3D
massive MIMO OFDM system and derive an optimum
downlink precoder for such a system. We show that, for
the parametric channel model assumed in this work, the
downlink precoder can be constituted from the DoAs
estimated at the base station. Furthermore, we charac-
terize the ergodic throughput under the DoA estimation
error, and identify the optimal transmission and power
allocation strategies. Our results also show that the DoA
based channel estimation method achieves better perfor-
mance than the traditional linear minimum mean squared
estimation (LMMSE) in terms of system throughput and
minimum chordal distance.

« Finally, we investigate the performance of the elevation
and azimuth angle estimation under various antenna

configurations and observe some interesting results. For
example, for a system with the same 64 antennas, an
8 X 8 antenna pattern can yield better performance than
a 4 x 16 array in azimuth angle estimation at low
and medium signal-to-noise (SNR) regime. These kind
of results can provide significant design intuition for
developing practical massive MIMO OFDM system.

The remainder of the paper is organized as follows: the
system model and an outline of the DoA estimation method is
introduced in Section II. Analytical expression for the RMSE
of the DoA estimation is presented in Section III followed by
the capacity and achievable rate analysis in section IV. The
simulation results are shown in Section V before we draw
conclusion in Section VI.

II. SYSTEM MODEL AND DOA ESTIMATION

Consider a MIMO-OFDM system with /V; transmit anten-
nas and N, receive antennas. At each transmitter, the high-rate
information symbols to be transmitted are grouped into blocks
of length N.. The ¢-th such block at the j;-th transmitter can
be represented as

Xij, = [2i3,(0),zij, (1), .., x5, (Ne = D))", (D

where x; ;, (k) denotes the k-th information symbol within
the ¢-th block at the j;-th transmitter. The IFFT opera-
tion yields the OFDM symbol consisting of the sequence
5i,5,(0),8:.5,(1), ..., 8, (Ne — 1), where {s;;,(n)} corre-
sponds to the IFFT samples of the multi-carrier signal at the
j¢-th transmitter, and can be written as

N.—1
1 C j2mkn /N
sij,(n) = ih ;) zi g, (k)e?>™ M Ne 0 <n < N.—1. (2)

c

The n-th samples at all the transmitters can be expressed as

Sl(n) = [Si,jo (n)v Si,gn (n)v ce SN -y (n)]T (3)

After appending CP, the resulting sequence 3; j,(n) is first
passed through a parallel-to-serial converter followed by a
digital-to-analog converter, resulting in the baseband OFDM
transmit signal at the j;-th transmit antenna. The baseband
signal is then upconverted and sent through a frequency
selective fading channel, which is assumed to remain time-
invariant during one OFDM symbol duration. We assume
that the channel, which can be represented by an equivalent
discrete-time linear channel impulse response (CIR), has a
finite number (L) of non-zero taps.

In this paper, a clustered channel model is considered,
where each scattering cluster is assumed to contribute a single
propagation path. The channel impulse responses are then
represented by a sequence of channel matrices, C(¢) for
¢=0,1,...,(L—1). We assume there are a finite number of
resolvable paths between the transmitter and receiver. For the
broadband millimeter wave communication, we can consider
that each channel tap corresponds to each path. The channel
impulse response for the ¢-th tap is given by

C(0) = a(O)e, (0)ef (1), )

where «(¢), e,(¢) and e (¢) are, respectively, the channel
gain, N, x 1 receive antenna array response and N; x 1
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transmit antenna array response for the (-th tap; (.)* de-
notes Hermitian transpose. It is obvious that the transmit
and receive antenna array responses depend on DoD and
DoA, respectively. For the transmitter equipped with a uni-
form linear array (ULA), the transmit antenna array response
can be described using the Vandermonde structure: e;(¢) =
[1 el ej(Nt_l)“’f]T, where wy = (2rA/\) cos Qy,
A is the spacing between the adjacent transmit antenna
elements, 2, is the transmit angle (DoD) for the ¢-th tap,
and A is the carrier wavelength. The antenna array at the
base station is a planar array placed in the X-Z plane, with
M; and M-, antenna elements in vertical and horizontal
directions, respectively. Accordingly, the number of receive
antenna elements at the base station is N, = MiMs,. It
is to be noted that we are focusing on ULA at the mobile
station in this paper since ULA is the default mobile station
antenna configuration of the FD-MIMO system in 3GPP Rel-
14 LTE-Advanced Pro. However, most of our results can be
readily extended for any planer arrays; i.e. most results can be
generalized for uniform rectangular array (URA) or uniform
circular array (UCA). The exact extension of the work to URA
and UCA will be the future work of this paper.

Since the antenna elements at the base station are placed
in a 2D plane, for each resolvable path, there will be an
azimuth DoA and an elevation DoA. Therefore, the re-
ceive antenna array response can be expressed as e,({) =
a(vy) ® a(ug), where ® represents the Kronecker prod-
uct. a(ug) = [1 elu ej(lel)W]T and a(vy) =
1 elve ej(M?_l)W]T can be viewed as the receive
steering vectors of the elevation and azimuth angles, respec-
tively. Here, uy, = %cos 0, and vy, = QL/\dSin 0y cos ¢y are
the two receive spatial frequencies at the base station, d is
the spacing between adjacent antenna elements in the receive
antenna array, and 6, and ¢, are the elevation and azimuth
DoA, respectively. It is noteworthy here that if instead of
using ULA, an URA is used at the transmitter side, the uplink
transmit antenna array response can be represented as the
kronecker product of steering vectors containing the azimuth
and elevation DoD’s, respectively.

The received base-band signal at the j,-th receiver, y; ;, (t)
is passed through an analog-to-digital (A/D) converter. The
cyclic prefix is then removed from the output of the A/D
converter which yields the sequence y;(n) = s;(n) ® C(n) +
w;(n), where ® represents circular convolution, y;(n) =
[Wi,jo (M), ¥i gy (M), ... s Yij a1 (n)]T is the vector containing
n-th received sample at all the receiver, j, represents the index
for the receive antenna, and w;(n) is the noise vector. It is to
be noted here that s;(n) has a sequence of length N, whereas,
C(¢) has sequence of only length L. Therefore, for facilitating
the circular convolution in the DFT operation, we append
(N, — L) zero matrices to the sequence of C(¢), so that both
the channel impulse response and transmitted IFFT sample
vector are of the same sequence-length, N.. We can arrange
the transmitted time-samples of the OFDM symbol in a tall

NN, x 1 vector, §; = [s] (0) s](1) ... sI'(N.— 1)]T.
For clarity, s; can be expressed as s; = FX;, where X; is the
corresponding N; /N, x 1 vector containing frequency-domain
transmit symbols for all the subcarriers at all the antennas,
and F is the transformation matrix given by F = F# @ 1,,,

where F is a N, x N, DFT matrix. Accordingly, we can

represent the corresponding received N, time-samples as y; =
[yZ(0) yl(1) yiT(Nc—l)]T. We can thereby ex-
press the V,. N, x 1 received sample vector as y; = C.S; +W;
where, w; = [wl(0) wl(1) ... wl(N.— 1)]T is the
N, N, x 1 AWGN noise vector, and C; is the NN, x N; N,
block-circulant matrix governing the circular convolution [1].
Now, after proper rearrangement of the transmit time sample
vector, we can write the m-th received time sample vector
by multiplying the transmit time-sample vector with any
arbitrary row (say p-th row, where 1 < p < N. ) of
the matrix C.. To be specific, let s} denote the vector

[sT(Ne —p+n+1),...,sT(N.—p+ n)JT Notice that the
vector S;' can be obtained by cyclically shifting the elements
of the vector S; defined earlier. Then, the n-th received time
sample vector, y;(n) can be obtained by multiplying §" with
the p-th row of the matrix C,.. Therefore, the n-th received

time-samples vector can be written as

y(n)=C(p—-1)s(Ne —p+n+1)+C(p—2)
S(Ne—=p+n+2)+...+C(p)s(Ne —p+n) +w(n) (5

where C({) = Opn,xn, for L < ¢ < (N, —1). It is to
be noted here that we have dropped the index, ¢ in (5) for
notational convenience. It will be assumed from now on that
all the samples correspond to ¢-th OFDM symbol. Recall here
again that the index ¢ inside the bracket of C(¢) represents
the tap index, whereas [ inside the bracket of y(I), s(l) and
w(l) represents time-sample index. Using (4), and after a
rearrangement, we can write (5) as

y(n) = Adiag{b}E,;5" + w(n), (6)

A = [e,(p—1) elp— 2) e-(p)] can be
viewed as the array steering matrix, E; is a N. x N;N. block
diagonal matrix containing the transmit array responses,

E, = blkdiag{e (p — 1), e (p—2),...,e (p)}, D

where

where blkdiag{Q} represents block diagonalization of matrix
Q, and b is the 1 x N, vector containing the the complex
fading envelopes. Now, taking V' = N, snapshots of the
received signal, i.e., one sample per subcarrier, we extend (6):

Y = Adiag{b}E;S + W, (8)

where Y = [y(0),y(1),...,y(n),...,y(N. —1)] is the
N, x V received signal matrix at the base-station, S =
[s9,8',...,8", ... 8N ] is the N;N.xV transmitted signal,
and W is the IV, x V noise matrix.

We now introduce a low-complexity DoA estimation algo-
rithm based on ESPRIT to jointly estimate the elevation and

azimuth angles. We can write the received signal in (8) as:
Y=AS+W, 9

where S = diag{b}E,S can be regarded as the equivalent
transmit signal. The forward-backward averaged received sig-
nal can be expressed as:
Y/ = [Y Iy, Y'Iy]
= [AS HNTA*S*H‘/] + [W HN,,,W*H\/} . (10)

Here, I, denotes the p x p exchange matrix with ones on
its antidiagonal and zeros elsewhere. The dimension of A
is (N, x N.), the dimension of diag{b} is (N. x N.), the
dimension of E; is (N. x N;N,.), and the dimension of S is
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(N¢N. x V). Hence, the dimension of Y/ is (N, x 2V).
The subspace decomposition of the signal space of the received
signal through singular value decomposition (SVD) then can
be written as:

H
as myasm = v vl 5o [Vl an
Following our line of work [19], we can apply ESPRIT based
techniques on the received signal, and have the following shift-
invariance relations:

K:les‘I’:v = Kw2Us Kles‘I’y = KyQUs; (12)
where ¥, £ T7'Q, T, ¥, & T 'Q,T, T is the non-
singular transformation matrix; K., Kg2, Ky1, and K5 are

the selection matrices, and €2, and €2, are given by

Q. = diag {tan (%) ,tan (unil) ,..., tan (W) } .
13)

Q, dlag{tan(z) tan(UnQ_l),..., tan (%)}
(14)

From (12), we can solve for ¥, and \il based on estimated
signal subspace using least square type of methods. Let the
eigenvalues of the N. x N, complex matrix W, + ]\If be s,
for ¢ =1,2,..., N.. Then u, and vy can be calculated from:

fy = 2 tan~"! {Re (5\2)} By = 2tan! {Im (Xe)} . (15)

Accordingly, 2D DoAs of interest are obtained through simple
parameter transformation.

III. RMSE CHARACTERIZATION

In this section, we present the theoretical analysis of root
mean square error (RMSE) for DoA estimation using the
standard ESPRIT method. Let 9, denote the estimated spatial
frequency for /-th tap; the estimation error is then given by
Avy = vy — Up. Similarly, Auy = uy — @g. The first order
approximation of the mean square estimation error of v, for
the standard ESPRIT is given by [20]:

B{(20?) = 5 (20" Wi REWE il

nn
T
—Re {ré’” mcmwmtrg”)}) . (16)

where

I'év) =q ® ([(jgv)U ) (J('U)/eﬂw _ (U)):| p€> , (17)

W = (2;'VH ® (U, UH). (18)
Here, J{”) and J§") are the two effective selection matrices
for the first and second subarrays, respectively, for the spatial
frequency vy, T is the transformation matrix as described in
Section II, qy is the ¢-th column of matrix T, pZT is the /-

th row of matrix T~!; R,,,, and C,,, are the covariance and

complementary covariance matrices of the noise, respectively.
Similarly, we have

1 ’U.H u
B{(Au)’} = 5 (ré W R, W
<“)}), (19)
where

. ~ ~ . - T
ré“)q«@([(JE"’Usﬁ(Jé“)/eﬂ“‘J(l“))} pz)- (20)

mat?

T
~Re {r;> W0t Crin WY

Here, J §“> and J §“> are the two effective selection matrices
for the first and second subarrays, respectively, for the spatial
frequency uy. At this point, in order to facilitate the derivation
of MSE expression, we consider the following Lemma:

Lemma 1. [f the elevation and azimuth angles are both drawn
independently from a continuous distribution, the normalized
array response vectors become orthogonal asymptotically,
that is, €.(k) L span {€,.({) | Vk # ¢} when the number of
antennas at the base station goes large.

Proof. See Appendix A. O

It is to be emphasized here that Lemma-1 holds for any
continuous distribution. It can be seen that (16) depends on the
singular value decomposition (SVD) of the noiseless received
signal, which is not easy to obtain at the base station. In fact, it
is extremely difficult to simplify such complicated result in the
multiple path case. Fortunately, in the massive MIMO system,
it can be significantly simplified because of the orthogonality
of the steering vectors. The simplified result is only related to
the real system parameters such as the number of antennas,
number of snapshots, transmit power, and covariance matrix
of transmit signal. Specifically, for the massive MIMO system,
we have the following theorem:

Theorem 1. For the case of 3D DoA estimation based on
uniform rectangular array of My x M elements, the root mean
square errors of the elevation and azimuth angle estimations
are given, respectively, by:

_ o Rgs(4,6)
RMSEROe} = nanon =D\~ Vs @D
__ o Rgs(4,0)
RMSE{¢:} = msin(6e) 1%

cot2(0;) cot?(oe) 1
\/( (L —12Ms  + sin2 () (Ma — 1)2M1) @2

where o2 is the noise variance, and Rgss({,l) is the (-th

diagonal element of the covariance matrix of the equivalent
transmit signal.

Proof. See Appendix B. O

Now, Rgs = E{SS}/V, where the expectation is with
respect to the time-samples over different subcarriers on
transmit antennas. Rgg can be expressed as:

Rys = diag{b}E,E{SS"}E (diag{b})" /V
= diag{b}E,FE{XXTV\FIEH (diag{b})/V (23)
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where X = F~1S is the frequency domain_transmit sig-
nal matrix. If we assume, Z = diag{b}EtF we can
write, Rgs = ZE{XXH}ZH/V ZR ¢ Z" |V, where

Rgx = E{XX"}. Therefore, we can write, Rs g =
(V)Z*HRXXZ 1. Plugging the expression for Rgg in (21)
and (22), we can obtain:

o (Z-HRLLZ-
RMSE{6:} = @0 T, = 1)\/ YA

T Sij(gl) V(ZHRLEZ1) (¢, )

cot?(0¢) cot?(¢e) 1
25
\/( (Ml - 1)2M2 + Sin2(¢e)(M2 — 1)2M1 ( )
—-H R~ <2 1Y(¢,¢) represents the ¢-th diagonal ele-
ment of the matrlx product Z—H RXXZ 1. Based on the proof

of Theorem 1, it is straight forward to obtain the RMSE of
the spatial frequencies uy and v, as follows:

Corollary 1.1. In massive MIMO system, RMSEs of the spatial
frequencies uy and vy using standard ESPRIT are given by:

o (Z-TRZLZ1)(4,0)
RMSE{us} = Gh — 1)\/ ST ,

D0

(24)

RMSE{¢,} =

where (Z

(26)

—_Hp—1 —
Z-"R ;7

(£ 0)
M; '

o
(
RMSE{v;} = 06— 1)\/ Q7
It is clear from these equations that correlation between the
data on different subcarriers will have adverse effect on the
performance of the DoA estimation, i.e., root mean squared
error increases as the correlation between the data increases.
The pilot sequence design will also have a significant impact
on the DoA estimation performance through the term Rg ¢

IV. CAPACITY ANALYSIS

In this section, we investigate the downlink channel capacity
of 3D massive MIMO OFDM system. First, we will analyze
the system capacity assuming perfect DoA estimation. Then
we will look into the system achievable rate under the presence
of DoA estimation errors.

A. Ergodic Capacity with Perfect DoA Estimation:

The N, x N; uplink channel transfer function at the k-th
subcarrier can be written as

(28)

Again, it is assumed there are N, channel taps, but only L of
them are non-zero. Using the expression of C(¢) from (4),

Ne—1 -
H(k) = Z a(O)er(0)el (e V"
Z O)er (¢, k)ef (), (29)
where e.({,k) =e e ZeT(Z). In a compact form:
H(k) = A(k)DB", (30)

where A (k) = [eq(0,k),e.(1,k),...,e.(N. — 1,k)], D
diag{b} diag{(0),a(1),..., (N, — 1)}, and B =
[e:(0),e:(1),...,e/(N. — 1)], where 1/y/N;B is a unitary
matrix. Accordingly, using the channel reciprocity property,
downlink channel at the k-th subcarrier can be represented as

HY (k) = [H(k)]" = B'DAT (k). (31)

So, the N; x 1 downlink received signal at the k-th subcarrier
can be written as

_ Hdl(k‘)xdl(k}) + ndl (k')
=B"'DA” (k)x (k) + n? (k),

y® (k)
(32)

where x% (k) is the N, x 1 downlink transmitted signal, and

nd!(k) is the N, x 1 noise vector with E{n(i)nd" (j)} =
o%In,6(i — j), and E{-} represents expectation. The mutual
information at the k-th subcarrier:

di diH
T, = logy det | Ly, + 2 (k)Q’“QH B (33)
g
where Qj, = E{x%(k)x%" (k)} is the N, x N, covariance

matrix of the downlink transmit signal at the k-th subcarrier.
Now, the ergodic capacity of the MIMO OFDM system can
be expressed as:

el

Nc_l dl diH
1 H”(k)Q:H" " (k)
=F {Nc ,;,0 log, det |In, + 2 , (34)

with the total power constraint, 7r(Q) < P, where P is the
total transmit power, and Q is the covariance matrix of the
N, N, x 1 downlink Gaussian input vector, and given by:

= diag{Qx}r<; " (35)

The design of the taransmit covariance matrix, Qp, and
hence, the design of the transmit signal will dictate the power
allocation across the transmit antennas for the k-th tone. It
is to be noted here that in the capacity expression, we have
ignored the loss in spectral efficiency due to the presence of
the cyclic prefix. Let us now consider the following Lemma:

Lemma 2. For a uniform rectangular array (URA) with
azimuth and elevation DoAs drawn independently from a con-
tinuous distribution, the normalized frequency-domain array
response vectors becomes orthogonal asympototically, that
is, €-(i,k) L span{e.(j,k)|Vi # j}, when the number
of base-station antennas, N, = MMy goes large, where

&r(l.k) = ke, (L.K).
Proof. See Appendix C. O

From Lemma 2, the matrix /1/N,A(k) can be regarded
as unitary for the large antenna system. Therefore, downlink
channel representation in (31) can essentially be thought of as
singular value decomposition for the massive MIMO system.
In order to simplify the analysis, we can assume that the
mobile station has perfect knowledge about the DoD so that
optimal received processing can be used at the mobile station.
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Observing (32), the optimum precoding matrix, therefore, can
be expressed as

1,
= AR

[er(0,k),er(1,k),...,
j2mk(0)
[e’ W e (0),

j27k(0)
{e N a”(

j2nk(Ne—1)
..,e Ne

VP (k)

= e (N. —1,k)]
j2mk(1)
e Nec

j2mk(Ne—1)

e (1),...,e Ne

er (N, — 1)}

j2mk(1)

up),e Ne a*(v

2| 7= |-

vo) @ a"( 1) ®a” (u),

a*(vn.—1) ®a*(UNC—1)} . (36)

From (36), it is apparent that the optimum precoding matrix
is essentially composed of the array steering vectors, which
again depend on the DoA estimation at the base station.
Let s?(k) be the N, x 1 information signal vector for
the k-th subcarrier. Therefore using the Iptlmum precoding
matrix, we have x%(k) = (1/N,)A*(k ). Plugging this
into (33) , for the perfect DoA estlmatlon case, we can
obtain (37) It is not difficult to show that D* BTB D =
N, diag||a( 7)|2 lov(1 |2 .y Ja(N, —1)]?]. Using Lemma 2,

we have A *( N =1Iy,. Assummg Gaussian 1nput
information s1gna1, s? (k;) 4 () will also be diagonal, i.e.,

s (k)s?" (k) = diag[|sg (k)12 ..., |s% _, (k)[?]
= diag[po(k), - .., pn._1(k)], where sdl(k) is the (-th infor-

mation symbol on the k-th subcarrier, and p,(k) = [s& (k)|?
is the power to be allocated on the corresponding channel.
Finally, using Hadamard inequality, we can write (37) as

Nila(0)]?
IkZIOgQH(lJr%
4

(k))

Ne—1

= > logy (1 +yepe(k)),

£=0

(3%)

where v, = Ni|a(f)|?/o?. It is to be noted here that the
matrix inside the log, det is diagonal, and hence Hadamard in-
equality follows with equality. Accordingly, the optimal power
allocation is the well-known water-filling solution which can
be expressed as py(k) = [ue(k) — 1/7]°, where [2]¢ is the
function with [z]® = 0 when = < 0, and [z]® = 2 when
x >0, and pe(k) is the corresponding Lagrange multiplier.

We now briefly discuss about the optimum receive process-
ing for the perfect DoA estimation scenario. From (32), the
N x 1 downlink received signal can be expressed as

y (k) = (k) +n (k)

_ NLB*DAT(k)A*(k)sdl(k) +n? (k)
=B*'Ds%(k) + n% (k)
= [e:(0)7 e:(l)v e e:(N - 1)]
diag{(0), a(1),... —1)}s®(k) + n? (k).
Let the received signal vector corresponding to ¢-th informa-
tion symbol on the k-th subcarrier be represented as yd(k),
and the corresponding noise vector as n% (k). Then,

yi' (k) = e (i)ali)

where g; = e (i)a(i). Accordingly, for the receive processing,
the maximum ratio combining (MRC) vector, w, can be
written as w, = g,/|g;|. Multiplying both sides of (40) by

i

B*'DA” (k)V! (k)s™

,a(Ne (39)

st (k) +nd' (k) = gis? (k) + nf'(k),  (40)

w.", we obtain the MRC detected signal ¢ (k) corresponding

3
to the ¢-th information symbol:

+H
G k) = wi v (k) = B st () + ' ()
g;
= leilsi" (k >+ﬁz”< ) = la(i)llei (i)]s{" (k) + " (k)
= VNi|a(i)|si (k) + 7 (k), 41
+H
where ad' (k) = w;Hn;ﬂ(k) = g;,‘ n¢ (k) is the noise element

corresponding to ¢-th information symbol on k-th subcarrier.

B. System Achievable Rate under the presence of DoA Esti-
mation Errors:

In this section, we study the effects of DoA estimation error
on the achievable rate of the massive-MIMO OFDM system.
Since base station does not have perfect DoA estimation,
the precoding vectors, in the presence of DoA estimation
error, will be in the form (1/N,)é,(¢, k), where &,(¢, k) =

—j2mk(£

e = )a(vg + Avy) ® a(ug + Aug), and Au, and Ay
represent the DoA estimation errors for the /-th tap. For
this imperfect channel estimation case, let % (k) denote the
N, x 1 information symbol vector for the k-th subcarrier. The
optimum precoding matrix, in the presence of DoA estimation
error, can be written as VP (k) = (1/N,)A*(k), where
A*(k) =1[&,(0,k),&.(1,k),...,&-(N. — 1,k)]. Accordingly,
similar to (33), the expected mutual information or achievable
rate of the k-th subcarrier, Zj, can be represented as (42),
where the expectation is with respect to the DoA estimation
error. Here, we are treating the terms inside the expectation
as random variable, where, for each channel realization, the
DoA estimation error will be random. Hence, from (42), we
can have (43), where the term A” (k)A* (k) can be written as

AT (k)A" (k)
el (0,k)&:(0,k) el'(0,k)ée;(N. — 1,k)
el'(1,k)éx(0, k) el'(1,k)é;(N. — 1,k)

el (N. —1,k)&x0,k) ... el (N,

Now, let us consider the following lemma:

Lemma 3. For the 3D massive MIMO OFDM systems, the
normalized vectors &, (i, k) = 1/v/N,e, (i, k) and &,(m, k) =
1/V/N,&.(m,k), Yi # m becomes orthonormal asymptoti-
cally as the number of antenna, N, — oo .

Proof. See Appendix C. O

Us1ng Lemma 3, we can writt AT(kK)A*(k) =

diag[e? (0, k)& (0,k), el (1,k)&x(1,k),...,el (N, —
1k)**(N - LK) . "With~ Gaussian information signal,
s% (k) (3% (k)" = diag[po(k),p1(k), ..., pn.1(k)], where

pe(k) 1s the power to be allocated for the ¢-th information
symbol on the k-th subcarrier. We can clearly see that
AT (k)A*(k)s¥ (k) (8% (k)2 AT (k)A*(k)D*BTB*D

is a diagonal matrix with ¢-th diagonal element being
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B*DA” (k)A* (k)s® (k)s™" (k) AT (k) A* (k)D*B”
N2o?

Ty =logy det Iy, +

[ AT (k) A*(k)s? (k)s® ™ (k) AT (k)A*(k)D*BTB*D
N?2o?

= logy det |In, +

[ AT (k) A*(k)s? (k)s® (k) AT (k)A*(k)D*BTB*D
N2o?

=log, det |In, + . (37

} : (42)

fk =F {1og2 det |In, +

B*DAT (k)Veort (k)sd (k) (84 (k) HVort” (k) A* (k)D*BT

g

B*DAT (k)A* (k)8 (k) (8% (k))T AT (k)A* (k)D*BT

r=FE {1og2 det [In, + N2 }
AT (k)A*(k)s (k) (3% (k)" AT (k)A*(k)D*BTB*D
_E{logZdetIM (k) A" (k)8 (1) (%)) " AT (k) A" (k) | )
° N2o?
Nelel (¢, k)ex (4, k)|?|a(l, k)|*pe(k). Now, invoking  where the last equation follows based on the assumption that
Hadamard’s Inequality, we can write (43) as Awv, and Awuy are independent. Now, we can write
5o = 5 g, T (1.4 VleF (RSB0 Pou(h) ; 2
o =B { log, Nio? [ (v + Avoa(wr)|
4
. . . . 2
e {NCllog (1+ NileT (6, k)8 (¢, k)Qa(é)Qm(’“))} = 14 menI ) g RO
- 2
=0 Nio? - ‘1 Fe IR 4 (eI 1+ (e*jA“'ﬁ)(Ml*”‘2
Ne—1
= E{ 3 log, (1 +Aelel (6, k)& (e, k)\gm(k)) } L 4% [1—eMAv 11 cos(My Avy) + jsin(My Avy) |2
£=0 | 1—emdhve | 1 — cos(Avy) + j sin(Awg)
1— M A
where 4, = Ny|a(€)|?/(N20?). Using method of Lagrangian = %
multiplier, the optimal power allocation for the k-th subcarrier: u ZA 2 M Ay
X _1_(1_< 180)? 4 (M Avy) —|—...+oo)
1 - )2 IRV
pe(k) = [ﬂe(k) — 2] . (46) 1- (1— (Bvg)? | (Avg)t +...+oo)
’Y€|er (év k)er(£7 k)| 5 5 4 M2(Av,)2
o ME@u)? it g (1 - %)
.whe.:re fie(k) is the cor.respondigg Lagrange multiplier, and <> ~ (ZU BERE Avfﬁl = | _ Gug?
indicates the water-filling algorithms. The expected transmit 2 L2 12
power for the /-th tap can be expressed as &) M? (1 _ M) (49)
12 ’
1 <&
E{pe(k)} = |fne(k) — .47 . .
{pe(k)} {W( ) YeE{|el (¢, k)& (¢, k)|2}] @1 Ghere (a) results from truncating the higher order terms, and
(b) results by noticing that (Av,)?/12 is negligible compared
Now, to unity. Therefore,
Elley (¢, k)& (4, k)|"] = E[|& (¢, k)er (¢, k)|°] 2 2
H 2 H 2 2 M{E [(AW) ]
= E [l[a(ve + Ave) @ a(ue + Aue)] " [a(ve) @ a(ue)]’] Ella (ve + Ave)a(vn)[*) = MF (1= ———o——]. (50)
= B [l[a" (ve + Ave) @ a” (ue + Aue)][a(ve) @ a(ue)] ]
- B [|[3H (ve + Ave)a(ve)] ® [ (ue + Aw)a(w)}lz] Following exactly same procedure, we can also show that
_ H H 2
= B [l[a" (ve + Ave)a(vo)][a” (ue + Aug)a(us)] ] o o (o MBS0
—E |:|aH('UZ -i—AW)a(W)F]EHaH(uz +Au2)a(u2)|2i| , (48) Ha (U[ + U[)a(u2)| ]7 2 - 12 . ( )
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Therefore, from (48), we have

1
Ellef (¢, k)éx (L, k)|?
Y P Tl (C05 A P LA C S I
CoMEME\ 12 - 5
~ 1 M12E [(A']_}Z)ﬂ M22E [(Aul’.)?}
T MIMZ (1 12 ) <1 + 5
(52)
Hence, from (47):
MZE [(Awvy)?
E{ﬁi(k)} = |:ﬂg(k) — ’S/ZM:}MZQ (1 + [1(2 Ul’) })
(1 * 12) (53)

From (53), it can be observed that in the absence of DoA
estimation error, the proposed power allocation algorithm
becomes identical to traditional water-filling solution.

V. SIMULATION RESULTS

In this section, we evaluate the RMSE of the ESPRIT-
based DoA estimation for 3D millimeter wave massive MIMO
systems. Furthermore, we will evaluate the system achievable
rate under the presence of DoA estimation errors and present
a performance comparison between our proposed power allo-
cation algorithm and the traditional water-filling solution. To
evaluate the performance of the DoA estimation, we assume
there are 4 resolvable paths, which is a typical number for
the outdoor millimeter-wave communication systems at both
28GHz and 73GHz [21]. Number of subcarriers of the OFDM
system is 32, and the length of cyclic prefix is 4. The antenna
spacing for both the received and transmit antennas is assumed
to be 0.5\. The number of transmit antennas is set to be 8. The
elevation and azimuth DoAs are chosen randomly from either
the uniform distribution: U[—180°, 180°], the exponential dis-
tribution: Ex:p(1/50), or the Gaussian distribution: N (50, 20).

In our work, we invoke the far field assumption, and the
wavefront impinging on the antenna array was assumed to
be planer. However, using models such as Costa model, it
would not be difficult to extend our results to incorporate
the spherical wavefront. It is also noteworthy here that the
transmission medium assumed in this paper is isotropic and
linear. Normally distributed random numbers were used for
generating frequency domain data for simulation. The number
of snapshots is taken to be 32. The success of ESPRIT type
high resolution DoA estimation method depends on the full
rank condition of the data covariance matrix. However, if
appropriate preprocessing schemes such as forward-backward
averaging or spatial smoothing can be applied, the data covari-
ance matrix can be ensured to be of full rank and non-singular
even when all the data signals are correlated. This is the main
reason why we performed the forward-backward averaging in
our DoA estimation process in Section II to deal with the
potential issue of not having enough independent realizations
of the random wavefield. Therefore, even though we used
independent data signals in our simulation evaluation, our

method/simulation procedure is expected to handle the non-
singular covariance matrix case smoothly. The main require-
ment for forward-backward averaging to be valid is that the
properties of the process under consideration be approximately
the same independent of the orientation of space axis and that
the samples be taken in a geometry that is also reversible.
The antenna array that we are using at the base station fulfills
this condition since it has a centro-symmetric structure. For
the forward-backward averaging, the data are first taken from
the 2D rectangular array, and then these data are vectorized.
Finally, an extended data matrix is used for forward-backward
averaging which is defined in Equation (10). Through forward-
backward averaging, the data is effectively doubled to improve
the estimation performance. Finally, the total available transmit
power is assumed to be unity, and the SNR is defined as the
ratio of the received signal power to the noise power, i.e.
SNR = 101logy, (1/0?).

The performance of the estimation of elevation and azimuth
angles for an 8 x 8 antenna array with uniform DoA distribu-
tion is shown in Figure 1 and Figure 2, respectively, where the
analytical results for RMSEs are compared with the empirical
ones. It can be observed that as SNR increases, the empirical
results match the analytical results asymptotically. We can

10

=©— Empirical Results
== Analytical Results

=
o
o

RMSE for 6 Estimation (Degrees)
o
o

1072 L L L L L

-5 0 5 10 15 20 25
SNR (dB)
Figure 1: Elevation angle estimation for 8 x 8 array
(Uniform DoA distribution).

investigate the impact of various antenna configurations on
the estimation performance and obtain some interesting design
intuitions. For example, for a 3D massive MIMO system with
the same total 64 antenna elements, the RMSE for 4 x 16
antenna array is shown in Figure 3 and Figure 4, while the
elevation and azimuth angle estimation for a 16 x 4 array are
shown in Figure 5 and Figure 6, respectively. Comparing these
figures with Figure 1 and 2, we observe that as the number
of antennas in the elevation domain increases, the elevation
angle estimation performance improves. However, the RMSE
of azimuth estimation of an 8 X 8 array shown in Figure 2 is
even better than that of the 4 x 16 array shown in Figure 4,
especially at low and medium SNR regime. This is somewhat
surprising because 4 x 16 array has more antenna elements
in the azimuth domain compared with the 8 x 8 array. The
reason behind this is that the azimuth estimation is actually
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Figure 2: Azimuth angle estimation for 8 x 8 array
(Uniform DoA distribution).
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Figure 3: Elevation angle estimation for 4 x 16 array

(Uniform DoA distribution).
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Figure 4: Azimuth angle estimation for 4 x 16 array
(Uniform DoA distribution).

coupled with the elevation estimation performance, and when
the elevation estimation performance decreases, azimuth esti-
mation performance also deteriorates even though the number

of horizontal antennas is increased. On the other hand, the
elevation angle estimation performance does not depend on
the azimuth angle estimation performance. For the case of

10 T T

=—Empirical Results
=0~ Analytical Results

i
o
c)
T

|
i
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5

2 . . . . .
-5 0 5 15 20 25
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10
SNR (dB)
Figure 5: Elevation angle estimation for 16 x 4 array
(Uniform DoA distribution).
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Figure 6: Azimuth angle estimation for 16 x 4 array
(Uniform DoA distribution).

16 x 16 antenna array, the RMSE estimation performance is
shown in Figure 7 and 8. As expected, the 16 x 16 array
outperforms the 8 x 8, 4 x 16 and 16 x 4 arrays in both
elevation and azimuth angle estimation. It is to be emphasized
here that these DoA estimation results hold for any continuous
distribution, and is not specific to uniform distribution only.
The results for 8 X 8 and 16 x 16 antenna arrays where the
DoA’s are drawn from Gaussian (N (50,20)) and exponential
distribution (Exp(1/50)), are shown in Figures 9 to 12. From
these results, and also comparing with Figures 1,2,7, and 8, we
can clearly observe that for the same antenna configuration,
the DoA estimation performance is very similar irrespective of
the underlying distribution from which the DoA’s are drawn.
This, in fact, validates the results in Lemmas 1 to 3.

Figures that plot the RMSE of elevation and azimuth angles
estimation as a function of the number of antennas are shown
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Figure 7: Elevation angle estimation for 16 x 16 array
(Uniform DoA distribution).
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Figure 8: Azimuth angle estimation for 16 x 16 array
(Uniform DoA distribution).
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Figure 9: Elevation angle estimation for 8 x 8 array.

in Figures 13 and 14 for uniform, Gaussian, and exponential
DoA distributions, and SNR = 15 and 20 dB. Dashed lines
represent the empirical results while solid lines represent the
analytical results. The square array, where M; = Mo, is
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Figure 10: Azimuth angle estimation for 8 x 8 array.
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Figure 11: Elevation angle estimation for 16 x 16
array.
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Figure 12: Azimuth angle estimation for 16 x 16
array.

assumed for the evaluation. It can be observed that the DoA
estimation performance improves as the number of antennas
increases. Furthermore, in all cases, the empirical results are
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very close to the analytical results irrespective of the DoA
distribution.

RMSE for 6 Estimation (Degrees)
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Figure 13: Elevation angle estimation for different
number of antennas.
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channel matrix. The comparison in Figure 15 is performed
for an 8 x 8 antenna array, and for uniform DoA distribu-
tion. It can be observed that in the low and medium SNR
regime, the proposed power allocation algorithm outperforms
the traditional water-filling scheme. However, in the high-
SNR regime, both algorithms perform almost identically. This
is because in the high-SNR regime, the DoA estimation is
very accurate with very small estimation errors. As shown
in Section IV-B, our introduced power allocation strategy will
converge to the traditional water-filling one as DoA estimation
error decreases. Furthermore, from Figure 15, it is obvious
that both of the parametric-based methods outperform the
LMMSE-based channel estimation in terms of the through-
put of the underlying 3D massive MIMO/FD-MIMO OFDM
system. This is mainly because in parametric-based estimation
methods we exploit the channel structure for the underlying 3D
MIMO channel, which significantly improves the estimation
performance. Chordal distance between the subspace spanned

>

= Ana.(20dB) Exponential

RMSE for ¢ Estimation (Degrees)

0.06 SX%
0.04f .
0.02f
. ‘ ‘ ‘ ‘ |
6 8 10 12 14 16

M,=M
12
Figure 14: Azimuth angle estimation for different
number of antennas.

Figure 15 provides a throughput comparison of the system
in the presence of the DoA estimation error for uniform DoA
distribution. To be specific, three schemes are compared in
Figure 15: the first one utilizes the introduced DoA estimation
for channel acquisition and conducts the corresponding water-
filling power allocation; the second one utilizes the introduced
DoA estimation for channel acquisition and conducts the
introduced power allocation strategy in Equation (53); the
third one employs the linear mean squared error (LMMSE)
channel estimation to acquire the channel transfer functions
and conducts the corresponding water-filling power allocation.
In performing LMMSE channel estimation, no apriori knowl-
edge of second order statistics, i.e. channel correlation matrix,
is assumed to be available at the base station. Instead, each
column of the N, x N; channel matrix for each subcarrier
is estimated by sending the N; x 1 transmit signal vector of
the form [0,...,0,1,0,...,0] with the [-th element of the
vector being 1 which is used to estimate the [-th column of
the channel matrix. Therefore, in LMMSE channel estimation
it takes at least Ny OFDM symbols to estimate the N, x N,

)
r]
E=
5 10°
Q.
=
[=2)
3
E 104
ke v —— Traditional Water-filling Algorithm
o .
S 10° ’ —e— Proposed Algorithm g
o » - LMMSE
102 F '“ 4
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Figure 15: Ergodic Throughput under Traditional
and Proposed Power Allocation Algorithms.
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Figure 16: Chordal Distance Comparison.

by different sets of precoding vectors is another metric that
is widely used for evaluating the underlying MIMO precod-
ing strategies. In Figure 16, we present a chordal distance
comparison between the Rank-4 precoding matrix obtained
from the DoA estimation and that obtained from the LMMSE-
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based method. To be specific, let Upy denote the matrix
containing four left-singular vectors corresponding to the four
nonzero singular values obtained from SVD of the underlying
uplink channel, H. Note that U essentially contains optimal
downlink MIMO precoders. Let Up,4 denote the estimated
steering matrix; and Upspssg denote the matrix attained by
taking the four dominant singular vectors obtained from the
SVD of the channel estimated using the LMMSE method.
Now the chordal distance between the subspace spanned by
the optimal precoding matrix Up, and Up, 4 is defined as
Ypoa = 1/V2E{||[UgU% —Up,s UL ,||r}. Similarly,
Yvmse = 1/V2E {|[UyUE — Upnse U yyspllr ) Ttis
important to note that chordal distance is a measure of close-
ness of subspaces spanned by the corresponding basis vectors.
As we can see from Figure 16, the chordal distance between
the precoders obtained from DoA-based channel estimation
and that from the ideal channel is much smaller. This means
that DoA-based precoding is much more effective than the
MIMO precoding based on LMMSE channel estimation.

VI. CONCLUSION

In this paper, we presented DoA-based channel estimation
strategies as well as novel power allocation algorithms for 3D
massive-MIMO/FD-MIMO OFDM systems. To be specific,
we derived the analytical expression for the RMSE of ESPRIT-
type DoA estimation algorithms. The performance of elevation
and azimuth angle estimation of various antenna configurations
have been investigated. The capacity and achievable rate of
3D massive MIMO/FD-MIMO downlink systems are charac-
terized, and the optimal precoding matrix is related to DoA
vectors. The optimal power allocation under the presence of
DoA estimation error is also introduced.

DoA estimation evaluation showed that the empirical per-
formance of DoA estimation matches very well with that of
the analytical performance. Furthermore, the antenna array
configuration plays a vital role in determining the perfor-
mance of the 3D massive-MIMO/FD-MIMO OFDM systems:
the performance of azimuth angle estimation is tightly cou-
pled with that of elevation angle estimation. The correlation
among data on different subcarriers has an adverse effect
on the DoA estimation performance. An ergodic throughput
evaluation suggested that the DoA-based channel estima-
tion achieves much higher throughput than traditional non-
parametric channel estimations such as LMMSE, while our
introduced power allocation strategy outperforms the tradi-
tional water-filling scheme. These observations may provide
significant insights and intuitions toward designing realistic 3D
massive-MIMO/FD-MIMO OFDM systems for 5G networks.

APPENDIX A
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Since both azimuth and elevation DoA’s are drawn inde-
pendently from a continuous distribution, (v; — v, # 0)
with probability = 1; therefore e—7(¥i=vm) £ 1. Similarly,
e~J(wi—um) £ 1 We can write,

lim | [e, (i, k)" [e.(j, k)|
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where, (Aa}) f(illow‘s by noticing that both S22 [e=i(vi=vm)]n
and 377 [e=7(wi=um)]P form geometric series with the
ratios e=7(i=vm) and e—J(4i—um) respectively. O

APPENDIX B
PROOF OF THEOREM 1
Proof. In the case of standard ESPRIT and for circularly
symmetric white noise, C,,,, = 0 [20]. So, we can write (16)
and (19) as
v)H

E{(Av)?} = %(rE W RO WL ey (56)
B{(Au)) = Ll W RL W) 67
Let us now denote
Be =V, q, (58)
e = (pi (31U)TAY e = IP)(ULUN)T, (59
o = (pF (37U, (357 /e = 3P (U U (60)
So, we can have
W e = ((E;lvf) ® (UnUf))T
(qe ® ([(jﬁv)UsV(jé“)/ej”@ - J§“>)]T pz>>
= (V.= lar)
@ (pFau) " (307 3 (U,ui))
= Be ® tye. 61
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Similarly, Wﬁatrl = B¢ ® ay¢. The MSE in (56) and (57)
then can be expressed as

E{(Avg)?} = = HRT (Be® awyp)),  (62)

( Be @ ay )

B{(Au)*} =
It can be easily verified that o

- (= + . - + .

ay,l =Cy (JU,2A> JU,2 - (J'U,IA) Jv,l
[0,...,1,...0]7 is the column selection vector with (-th
element being one, and _(_)ther elements being zero, J, 1 =
Iy, ® [IM2,1 0] and J, o = Iy, ® [0 IM2,1] are the

selection matrices. The pseudo inverse of the selected signal
can be significantly simplified as follows:

(Fo1a)" = ((jv,lA)H (Jv,lA)) (3..4)"

~ H /. -1
Ju1A Ju1A _
- (M2 —11)M1 ( (1]\/[2)— 1()M11 ) (Jv’lA)H

S(Be® ) "RE(Be @ ). (69

can be written as

); where ¢, =

—1

(64)

(@) 1 = H
" (M2 - 1)M, (J’“A) ’
where (a) holds due to Lemma 1. Similarly, we have
- + 1 = H
(3uea) = (0 — )M, (3.24)

In the same way, can be written as

- + . - T
cl ((J%QA) Ju2— (Jule) Ju,1>; where

[Tar,_1 0] @I, and Juo = [0 T, 1] ® Iy, are the
selection matrices. Therefore, we can have
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Moreover, J, 2 can be represented as
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(70)

- H
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Combining (69) and (71), we can obtain
T - H . - H .
Cy (JU,2A> J1/,2 - (JU,IA) Jv,l
— [_1’07...707e—j((1”12—1)u2)7“.76—1'((1\/[1—1)7%)’0’
e ’e*j((szl)szr(lel)w)} ) (72)

Accordingly, we obtain ||, ¢||? = 2/(Mz—1)?Mj. Following
the same procedure, we can also have ||, ¢||*> = 2/(M; —
1)2M,. With a view to deriving the expression for B3, we
first rewrite the singular value decomposition of the forward-
backward averaged noiseless received signal as:

[Adiag{b}E,S TIy, A*diag{b}E;S*IIy]
= [Adiag{b}E,S AAdiag{b}E;S*IIy]

= Adiag{b} [E;S AE;S*‘mI,], (73)
where
A :diag{[e*j((Ml*1)un+(Mz*1)Un)’ s
7e—j((}\ll—l)u(n,Nc+1)+(M2—1)U(n7NC+1))]}. (74)

Comparing with (11), and based on Lemma 1, we have
U, = 1/yN,A, X V2N, Vdiag{b}, and VH =
1/V/2V [EtS AE;‘S*HV]. The vector, B3¢ is given by B¢ =
VSZs_lUf Acy [22]. Tt can be shown that the unitary trrans-
formation does not affect the MSE of the ESPRIT method [23].
However, the statistics of the noise and signal subspace are
changed when preprocessing like forward-backward averaging
is applied. Now, the noise covariance matrix can be written as:

Ron = E{vec{W}vec{W}"}. (75)

However, if the noise is assumed to be circularly symmetric
and white Gaussian, we have R,,,, = 0?1, 1. Therefore

(Be® Ozu,z)HRmi (,311 ® Otp,e) = 02(,315 ® Otu,z)H(ﬁe ® Qto,e)
(ﬂl /82) (av Oy Z) (76)

Since (g is the ¢-th column of VX - LIIUHA, [|? is the ¢-th
diagonal element of AH U, 2U A, Wthh we can write as
1Be| > = Rga(¢,0)/V [22], [24] where Rss (4, 0) is the ¢-th
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diagonal element of the equivalent transmit 51gnal covariance  with probability = 1; therefore e7(Vi=vm) =£ 1. Similarly,

matrix. Plugging the value of ||3||? in (76): eJ(ui=um) £ 1 with probability 1. We can write,
R5i(L0) 2 lim _|[8:(i, )" &, b
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Plugging the expression from (77) into (62) we get Mol
where, (a) follows by noticing that both >, 2, [e =7 (vi—vm)n

B{(Aw)’} = Rys(4,0) - o? — (79) and Zﬁggl[e—j(ui—um)]? form geometric series with the
4 (M2 —1)>M; ratios e~7(Vi=vm) and e~J(4i—um) respectively. O
Similarly, by plugging the expression from (78) into (63):
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