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Abstract

In order to compute the marginal probability density function (PDF) with Gaussian belief propaga-
tion (BP), it is important to know whether it will converge in advance. By describing the message-passing
process of Gaussian BP on the pairwise factor graph as a set of updating functions, the necessary and
sufficient convergence condition of beliefs in synchronous Gaussian BP is first derived under a newly
proposed initialization set. The proposed initialization set is proved to be largest among all currently
known sets. Then, the necessary and sufficient convergence condition of beliefs in damped Gaussian BP
is developed, with the allowable range of damping factor explicitly established. The results theoretically
confirm the extensively reported conjecture that damping is helpful to improve the convergence of
Gaussian BP. Under totally asynchronous scheduling, a sufficient convergence condition of beliefs is
also derived for the same proposed initialization set. Relationships between the proposed convergence
conditions and existing ones are established analytically. At last, numerical examples are presented to

corroborate the established theories.

Index Terms

Gaussian belief propagation, loopy belief propagation, graphical model, factor graph, message

passing, sum-product algorithm, convergence.

I. INTRODUCTION

Many problems in signal processing and machine learning eventually come to the issue of

computing marginal probability density function (PDF) from a high dimensional joint PDF. In
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general, the complexity of directly computing the marginal PDF could be very high. By passing
messages among the neighboring nodes in factor graph, belief propagation (BP) provides an
efficient way to compute the approximate marginal PDFs upon convergence [1]-[5].

In this paper, we focus on an important class of BP where the underlying joint PDF is
Gaussian. In this case, the messages being passed in the factor graph maintain Gaussian form,
and hence the updating of beliefs can be described by the updating of belief variance and belief
mean. Due to the ability of efficiently computing true marginal mean [6], Gaussian BP has been
successfully applied in many areas, such as MMSE multi-user detection, equalization and channel
estimation in communication systems [7]-[9], fast solver for systems of linear equations [10],
[11], sparse Bayesian learning in large-scale compressed sensing problem [12], and estimation on
Gaussian graphical model [13], [14]. Moreover, because of the intrinsic distributed characteristic,
Gaussian BP has been applied in many problems requiring distributed information processing,
such as distributed beamforming [15], distributed utility maximization in large scale network [16],
distributed synchronization and localization in wireless sensor networks [17]-[19], distributed
energy efficient self-deployment in mobile sensor networks [20], distributed rate control in Ad
Hoc networks [21], and inter-cell interference mitigation [22].

Gaussian BP can only work under the prerequisite that beliefs do converge. So far, several
sufficient conditions ensuring the convergence of beliefs under a designated initialization set
have been proposed, such as diagonal dominance [6], convex decomposition [23] and walk-
summability [24]. These convergence conditions are derived to be applicable to all possible
schedulings, thus are expected to be more conservative than the convergence condition for a
particular scheduling. As synchronous scheduling is the most direct and widely applicable one,
in this paper, synchronous scheduling is considered separately from asynchronous schedulings,
resulting in two different convergence conditions in these two cases.

The contributions of this paper are summarized as follow.

1) For synchronous Gaussian BP, the necessary and sufficient convergence condition of beliefs
under a newly proposed initialization set is derived. The proposed initialization set is proved
to be the largest among all currently known results.

2) For damped Gaussian BP, the necessary and sufficient convergence condition of beliefs under
the proposed initialization set is also derived. It is proved that this convergence condition

is more relaxed than that of Gaussian BP. To the best of our knowledge, this is the first
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convergence condition of damped Gaussian BP, and theoretically confirms the extensively
reported conjecture that damping is helpful to improve the convergence of Gaussian BP
[24]-[28]. A method on how to choose an appropriate damping factor is also proposed.
3) For asynchronous Gaussian BP, a sufficient condition is derived to guarantee the convergence
of beliefs under all totally asynchronous schedulings.
4) Relationships between the proposed convergence conditions and existing ones are estab-
lished analytically. The results demonstrate that the existing conditions are implied by the

proposed ones.

The rest of this paper is organized as follows. Gaussian BP is reviewed in Section II. Section
IIT analyzes the convergence condition of messages in Gaussian BP. Convergence conditions of
beliefs in synchronous Gaussian BP, damped Gaussian BP and asynchronous Gaussian BP are
derived in Section IV. Relationships between the proposed convergence conditions and existing
ones are established in Section V. Numerical examples are presented in Section VI, which is
followed by conclusions in Section VII.

The following notations are used throughout this paper. Symbols diag(x) and Bdiag (X, Xa, - +)
denote a diagonal matrix and block diagonal matrix with the elements of x and X; located along
the main diagonal, respectively. For two vectors, x; > X and x; > X, mean the inequalities
hold in all corresponding elements. Notations A\.«(G) and eig,,,, (G) represent the eigenvalue of
matrix G with maximum module and its corresponding eigenvector, respectively. Notation A(G)
means any eigenvalue of matrix G, while p(G) represents the spectral radius of G. Symbols |- |,

J(-) and () are the module, real part and imaginary part of a complex number, respectively.

II. GAUSSIAN BELIEF PROPAGATION

Consider a Gaussian PDF f(x) o< exp {—3x"Px + h”x}, where x = [z1, 29, ,ay]" is

the random variable vector; P - 0 is the precision matrix with p;; being its (7, j)-th element;

and h = [hy,hy, -, hy]’. The Gaussian PDF can be written in a factorized form f(x) o
N N N id

[TL: filwa) Ty Tlimjpn fin(s, @), where fi(a;) = exp {—Bfa? + hyai} and fip(x), 7x) =

exp {—p;x;x; }. Based on this expansion, a factor graph can be constructed by connecting each

variable x; with its associated factors f;(z;) and f;;(x;, z;). Then, the messages of Gaussian BP
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being passed from variable node ¢ to node j are updated as
miy; (wat) o [ mis (wat) filwa), (1)
keN()\j
m?ﬂ-(:cj,t +1) x /mfﬂj (i, ) fij (@i, ;) d, 2)

where (i,7) € € £ {(i,5)li # j, pij 0, Vi, j € V} with V= {1,2,---  \N}; N(i) £ {j |7 #

I and

i, pij # 0, V j € V} represents the index set of neighboring variable nodes of node i
N (i)\j is the set N'(i) except node j. After obtaining the messages m_,;(x;,t), the belief at
variable node 7 is computed as
bi (wist) oo [ mis (wis ) filw). 3)
keN (i)
Without loss of generality, let the arriving message of node j at time ¢ is in form of m{ , ; (7, t) o
exp{ Z_”() 3+ Hj(t)xj}, where vf,;(t) and Bf,;(t) are the arriving precision and ar-

riving linear coefﬁc1ent respectively. Inserting m{_;(x;,t) into (1), we obtain m{, (x;,t) o

1—]
exp {—”ijxf + Zd_m-(t)xi}, where

z—>] = Dii + Z Uk—m (4)
kEN (i)\j

z—)j = h + Z ﬁk—m (5)
keEN ()\j

are the departing precision and linear coefficient, respectively. Furthermore, substituting the

departing message m; ,;(x;,t) into (2), we obtain

2 d d d
my,;(j,t+1) oc exp f” x? — p]d i )xj X/exp —LO Ty — %J(d) Pigts dx;.

2v z—>] (t) /Uz—m (t) 2 Ui—>j(t>

(6)
. .pd
If v, ;(t) > 0, the integration equals to a constant, and m{ , ;(x;, t41) o exp{ (t)xj - %x]}
Thus, it can be obtained that
cl_p?zt)7 if ,Uzdﬁj (t> > 07
vt 1) =q T (N

not defined, otherwise,

"Notice that in a factor graph, the neighboring variable nodes  and j are not connected directly but through a factor node

Jig(xi, x5).
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—pij B, ;(t)
vt )

it 1) = =0
not defined, otherwise.

if vd, (1) > 0,

i—]

®)

After obtaining v{_,(t) and S{_,,(t), the belief variance and belief mean at node 7 and iteration

t are computed as

9 1
2(t) = , 9
A0 Al SN () )
hi + i 5a—>z‘ 2
(t) = 2t Lveny Pl (10)

 pit DokeN () viLi(t)
Now, we express the message update process in vector form, which will be useful for the

rest of this paper. By substituting v, (t) = pi + Y, N(i)\j Vksi(t) from (4) into (7) and then

writing v{,;(t + 1) into a vector form, we obtain

g(v(t)), if vi(t) e W,

vi(t+1)= (11)
not defined, otherwise,

where v®(t) contains v{ .(t) with (7, j) € £ arranged in ascending order first on j and then on

i—]

i; g(+) is a vector-valued function containing components

2.
gy (w) 2 — 2 (12)
’ Dii + Zke./\/’(i)\j W
with (i,7) € & arranged in ascending order first on j and then on ¢; set W is defined as
WESwlpi+ Y wu>0, V()€€ (13)

keEN()\j
and w contains w;; with (i,7) € £ arranged in ascending order first on j and then on . For
convenience of understanding, the updating process of v{,;(t + 1) is illustrated in Fig. 1.

Similarly, by substituting v, ;(t) = pi + > keN(i)\j Visi(t) from (4) and B (t) = h; +

1—j
> kenin Bii(t) from (5) into (8) and then writing i, ;(¢ 4+ 1) into a vector form, we obtain
G(t)B“(t) + b(t), if vi(t) e W,
Bt +1) = (1)B°(t) + b(t) (t) 14
not defined, otherwise,

¢ .(t) with (i,5) € £ arranged in ascending order first on
i—j J g g

J then on i; G(t) and b(t) are defined as

where (3%(t) is a vector containing
G(t) £ —diag ' (Av*(t) + u)diag(p)A, (15)
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2
P

Piit2 ken (i Yi—i(t)

Fig. 1: [llustration of the updating process of v, ;(t+1), where g;;(v(t)) =

b(t) £ —diag™ (Av*(t) + u)diag(p)¢; (16)

A is a |€| x |€| matrix defined such that Av®(¢) is a column vector containing elements
D _ken(ij Vi—i(t) with (¢, 7) arranged first on j and then on i; p contains elements p; with
(i,7) € & arranged in ascending order first on j then on i; u = [ul, ul .- ul|" with u,
being a column vector containing elements p;; for all j € A (i) arranged in ascending order;
€ =e,€5, -, €N]T with & being a column vector containing elements h; for all j € N (i)
arranged in ascending order.

Remark 1: The results in this paper are established under the prerequisite of pairwise factor
graph, thus might not be applicable to other types of factor graphs. However, it should be
emphasized that the pairwise factor graph is the most widely used one in Gaussian BP, and has
been applied in the derivation of existing convergence conditions, e.g. diagonal dominance [6],

convex decomposition [23] and walk-summability [24].

III. CONVERGENCE OF MESSAGES IN GAUSSIAN BP

In this section, we derive the convergence condition of messages, which are parameterized by

v(t) and 3“(t). First, we present the convergence condition of v?(¢) only.
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Theorem 1. [29] Under any scheduling?, v®(t) converges to the same point for all v*(0) € A
if and only if S; # 0, where

S 2 {w|w < g(w) and w € W}, (17)
A2 {w >0} U{w > wq|wp € int(S;) } U {W > Wy ’WU € S and wy = 1tlim g(t)(O)} (18)
with g(w) 2 g (g"Y(w)) and g(w) £ w.

To determine whether S; is (), we define the following semi-definite programming (SDP)
problem:
min  ||w]|? (19)
pit D Wk P
s.t. kEN(i)\j =0,V (i,5) €€&.
Dij Wi
The SDP problem (19) can be solved efficiently [31] by existing softwares, such as CVX [32]

and SeDuMi [33], etc. Now, the following proposition can be obtained.
Proposition 1. S; # 0 if and only if (19) has a feasible solution.

Proof: Using Schur complement, the constraints in (19) can be equivalently written as

wij — gij (W) <0, V(i,7) €E; (20)
—pi— Y, ww<0, V(ij) €L 1)
keN (D)\j

If S; # (), there always exists a w € S;. From the definition of S; in (17), we have w < g(w)
and w € W. That is, w;; — ¢;; (w) < 0 and —p;; — Zke/\/(i)\j wg; < 0 for all (z,7) € . It can
be seen that the vector w satisfies the constraints (20) and (21), thus it is a feasible solution to
(19).

On the other hand, if (19) has a feasible solution w, then w must satisfy (20) and (21), that
is, w;; — ¢;j (w) < 0 and —p; — ZkeN(i)\j wi; < 0. Now, suppose —p;; — Zke/\/’(i)\j Wy =

0. Obviously, in this case, the determinant of the matrix in the constraint of (19) equals to

The schedule requires every component updates infinitely many times as ¢ goes to infinity, but the order and frequency of

update can be arbitrary.
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—p?j < 0. Hence, the matrix in the constraint of (19) is not positive semi-definite, which
contradicts to the prerequisite that w is a feasible solution of (19). Thus, we must have —p;; —
Y ke N(i)\j Whi # 0. Combining with the established result —p; — >, Ny Wei < 0, we obtain
—Dii = Y e Ny Wki < 0. Together with the established result w;; — g;; (w) < 0, from the
definition of S;, we can infer that w € S, and thus S; # (). [ ]

In addition to determining whether S; is (3, the optimal solution of (19) also has an important

meaning.
Proposition 2. Under S; # 0, the optimal solution of (19) w* = tlim ve(t) for v*(0) € A
—00

Proof: First, we establish two facts about w*. Since w* is the optimal solution of (19), the

constraint w;; — g;;(w*) < 0 in (20) holds for all (4, j) € £, which is equivalent to
w" < g(w"). (22)

Moreover, for the optimal solution w*, the constraint —p;; — Zke NG\ wi;© < 0 1n (21) also

2

p/. .
— 2 — becomes
Pii T2 ke (i)\s Whi

undefined. Thus, we have —pi; — >y rrip; Whi < 0 for all (i, j) € €, or equivalently w* € W.

holds. Notice that if pi; + > )y ; Wi = 0, the function g;;(w*) =

Now, substituting —ps; — D e iy Whi < 0 into (12) gives g;;(w™) < 0 for all (¢, j) € £, which

is equivalent to g(w*) < 0. Combining with w* < g(w*) gives
w* < 0. (23)

Next, the first-order derivative of g;;(w) with respect to wy, for k € N(i)\j is equal to

Owy; i+ W)Y
ki (pw + keN(i)\j Wi

Obviously, it can be seen that %gilei) > 0. Together with the fact g;;(w) is continuous for w € W,
we can infer that ¢;;(w) is a monotonically increasing function for w € W. Thus, by applying
g(-) on w* < 0 in (23), we obtain g(w*) < g(0). Combining with the constraint w* < g(w")
in (22) gives w* < g(0). Then, applying g(-) to w* < g(0) leads to g(w*) < g®(0). Due to
w* < g(w"*), we further have w* < g(2)(0). By induction, it can be inferred that w* < g(t)(O)
for all t > 0. By taking the limit on both sides of w* < g(*)(0), and due to g (0) = v(t) with

v?(0) = 0, we obtain w* < tlim v®(t) under the initialization of v*(0) = 0. Since according
—00
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to Theorem 1, tlim v®(t) with v*(0) = 0 is the same as tlim v?(t) with v*(0) € A, we further
—00 —00
have

w* < lim v%(t) (25)

t—o0
for any v*(0) € A.

Finally, since v*(t) converges to tlggo v?(t) for v*(0) € A, according to (11), this means that
tlgilo vi(t) =g (tli{lolo V“(t)> and tlggo v®(t) € W. Writing the two conditions into scalar form,
we obtain 1tl;n;@ v, (t) = gij (tlgglo V“(lf)) and pii + D enri 1tl;n()l() v, ;(t) > 0 for all (i,7) € £.
Comparing with the constraints (20) and (21), it can be easily seen that tlgilo vY(t) is a feasible
solution of (19). Since w* is the optimal solution of the minimization problem (19), we must
have

[lw I < || lim v(#)]. (26)

On the other hand, substituting pi;+ . c i)\ j tlgloao vy, (t) > 0 into (12), we obtain g;; (tlggo v“(t)) <

0 for all (i,7) € &, or equivalently g (tlim va(t)) < 0. Due to tlim vi(t) =g (tlim v“(t)), we
—00 — 00 — 00

have lim v*(¢) < 0. Combining with (25), it can be inferred that

t—00
* 12 > s a 2
w2 > | lim w0 e
Comparing (26) with (27), it can be seen that |[w*||* = || Jim ve(t)||*. Suppose w* # Jim ve(t).
—00 —00

According to (25), it can be inferred that ||w*||* < || tlim v®(t)||?, which contradicts with the
—00
established result ||[w* | = || tlim v®(t)||?. Therefore, we must have w* = tlim ve(t). [
—00 —00
Now, we derive the convergence condition for the message parameters (v*(t), 3%(t)). If v(¢)

has already converged to w*, then 3°(¢) is updated as

B (t+1)=G"B(t) + b, (28)

where
G* £ —diag ' (Aw"* + u)diag(p)A, (29)
b* £ —diag ' (Aw"* + u)diag(p)&. (30)

It is well-known that 3°(¢) in (28) converges for all choices of 3%(0) € RI€l if and only if
p(G*) < 1 [30].
However, in Gaussian BP, v*(t) and 3°(t) are updated alternatively, rather than waiting for

one quantity to converge before starting iterations of another. The following theorem shows
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that even with simultaneous updating, the message parameters (v(t), 3°(t)) converge under the

same condition as if we wait for v%(¢) to converge first.

Theorem 2. Message parameters (v°(t), 3%(t)) converge to the same point for all choices of

ve(0) € A and 3°(0) € RE! if and only if S; # 0 and p(G*) < 1.

Proof:

Sufficient Condition:

If S; # (), according to Theorem 1, it is known that v®(¢) converges to the same point for all
v?®(0) € A. Thus, in order to prove the sufficiency, we only need to prove 3%(¢) also converges
to the same point for all v®(0) € A and B8°(0) € Rl

Due to p (G*) < 1, we can infer that I — G* is invertible. Now, define the following vector
¢=(I-G") b, (31)
which can be equivalently written as ¢ = G*¢ + b*. Subtracting it from (14) gives
BUt+1)—¢p=G()B"(t) - G"¢+b(t) — b’
= (G"+(G(t) - G") (B(t) — 9) + (G(t) - G") ¢+ b(t) =b".  (32)
According to (32), for any matrix norm |||-||, we have
18°(t+1) — ol < (IG*l + IG(t) — G*[I) 1B(t) — Il + [(G(t) — G") ¢ + b(t) — b7,
(33)
where || - || is the compatible vector norm associated with the matrix norm |||-|| [34, p. 297].
Denote p(G*) as p. It is known that there always exists a specific matrix norm ||-||, such that

IIG*|Il, < p+ &5 for any £, > 0 [34]. Furthermore, due to tlim v?®(t) = w* from Proposition
—00

2, it can be seen that tlim G(t) = G*, meaning that there exists an integer ¢, such that
—00

IG(t) — G*||, < e¢ for all t > t, and any e > 0. Thus, for ¢ > ¢y, we can derive from (33)
that

18°(t+1) = bll, < (p+es +ec) [1B°(1) — @ll, + (G(H) = GT) é +b(t) = b, (34)

where || - ||s is the compatible vector norm of the matrix norm ||-..
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Now, we define another sequence z(t) for ¢ > t, as
2(t+1) = (p+es+ea)z(t) + [(G(t) — GT) @+ b(t) — b

=(p+es+eq) M 2(ty) + Z (p+es+ea) " (G() — G*) ¢ + b(i) — b*|,,

i=to
(35
where z(to) £ [|3*(to) — ¢||,. From (35), we further have
2(2t1 +1) < (p+es +ea)* 0 2(tg) + tlz_l (p+es+ec) " (G(i) — G*) ¢ + b(i) — b*|,
2, ' o
+3o0+ et e e (IG0 -G +bO =) GO

Since v*(t) converges for any v*(0) € A, according to (11), we must have v*(¢) € W for all

t > 0, or equivalently in vector form
Avi(t)+u>0, Vit>0, (37)

meaning that the entries in diag™'(Av®(t) + u) are finite. Thus, G(t) = —diag ' (Av*(t) +
u)diag(p)A and b(t) = —diag™'(Av*(t) + u)diag(p)€ only contain finite entries, and so are
G* = tlg(r)lo G(t) and b* = tll>n(>10 b(t). Therefore, the norm ||(G(t) — G*) ¢ + b(t) — b*||, for
to <t <t is finite and can be upper bounded by a constant C',. By applying the bound C), to
(36), we obtain

1— (,0 + e+ €G)t1_t0

2(2t; + 1) < (p+es + )70 2 (t,) +
(2014 1) < (et 60 2(t0) + P

(p+es+eg)ttiC,

1—(p+es+eg)ittt ) *
1Y@iai2ﬁ ax {[[(G() -G @ +b(t) —b7[l}. (38)

Due to 1tlim {(G(t) — G*) ¢ +b(t) —b*} =0, we havetlim ,nax, {I(G(t) — G*) ¢+ b(t) — b*||,} =
—00 1—00 2t1 2t >t
0. Thus, by choosing appropriate €, and €4 so that p + ¢, + ¢ < 1, as t; — o0, it can be
inferred from (38) that tlim z(t) = 0.
—00

Subtracting (34) from (35) gives

(p+ep+ea) (2(t) = 18°(1) — @ll,) < =2(t+1) = [[B* +1) - @, (39)

Putting ¢ = ¢, into (39), and since by definition z(tg) = ||3%(to) — ¢|,. it can be derived that
18%(to + 1) — ||, < 2(to+1). In general, it can be recursively derived that ||3(t) — ¢||, < 2(t)
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for all ¢t > ¢,. Since tlim z(t) = 0, we have tlim B(t) = ¢, thus B%(t) converges to the same
—00 —00

point.

Necessary Condition:

Since v“(t) converges for all v*(0) € A, according to Theorem 1, we have S; # (). Thus, to
prove the necessity, we only need to prove p (G*) < 1 under the prerequisite of S; # ().

First, from Proposition 2 and 0 € A, we know that tllglo g®(0) = w*. Together with w* < 0
from (23), set A defined in (18) reduces to A = {w > wo|w, € int(S;)} U {w > w*}. Thus,
for any v*(0) € A, we can always find a v € int(S;) U{w*} such that v < v*(0). By applying

g(-) to v < v%0), from the monotonically increasing property of g(-), we obtain

g(y) = v'(1). (40)

If v € int(Sy), it is seen from (17) that v < g(-y). On the other hand, if v = w*, then v = g(~)
since w* is the converged point. Thus, with v € int(S;) U{w*}, we have v < g(y). Combining
with (40) gives v < v%(1). By induction, it can be inferred that v < v*(¢) for ¢ > 0. Due to
~ € int(S;) U {w*}, from the definition of set A in (18), we have v*(t) € A for all ¢ > 0.
Next, consider two initializations (v*(0),37(0)) and (v*(0),35(0)) with v*(0) € A and
B2(0), 83(0) € REL Due to Bt + 1) = G(1)BI() + b(t) and B3(t + 1) = G()BL(E) + b(t)

as given in (14), subtracting the two equations gives

ABY(t+1) = G(AB (1)
=TI G*) - a0, (41)
k=0

where AB%(t) = B1(t) — B5(t). Since B](t) and B35(f) converges to the same point, then
AB*(t) converges to 0 for any v*(0) € A and AB*(0) € RI€l. Thus, according to (41), we
can infer that tlgg) [T, G(k) = 0 for v*(0) € A. Similarly, for another ¥*(0) € A, we also
have lim [T, G(k) = 0, where G(k) £ —diag~'(A¥*(k) + u)diag(p)A as defined in (15).
Due to v%(t;) € A for any ¢; > 0 as proved above, we can choose v*(0) = v®(t1), which
means that G(k) = G(k + t;). Substituting this result into tlir& [T, G(k) = 0, we obtain
lim 1.5} G(k) = 0 for all t; > 0. As t; — oo, using the fact lim G(k) = G*, we obtain
lim G* = 0, which holds if and only if p(G*) < 1 [34, p. 298]. Thus, we have proved

t—o0
p(G*) < 1. u
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I'V. CONVERGENCE OF BELIEFS IN GAUSSIAN BP

In this section, we will derive the convergence conditions of beliefs for synchronous Gaussian

BP, damped Gaussian BP and asynchronous Gaussian BP, respectively.

A. Synchronous Gaussian BP

Theorem 3. In synchronous Gaussian BP, belief parameters (o%(t), p;(t)) converge to the same
point for all choices of v®(0) € A and B“(0) € Rl if and only if S; # 0, p(G*) < 1 and
Pii + 2 peni) Whi 7 0-

Proof:

Sufficient Condition:

If S; # (), according to Proposition 2, it is known that p;; + tlggo Y ke NG) v L (t) = piu +
> ken(i) Wri for all ve(0) € A. Due to pj; + e priy Whi 7 0, we can infer that belief variance

2 _ 1 1 a
o;(t) = o TS v CONVEIges 10 et for all v*(0) € A.

Next, if S; # () and p (G*) < 1, from Theorem 3, it can be inferred that hi+tlir£10 > ken(i) Bisi(t)
exists and is unique for all v¢(0) € A and 3%(0) € RI€l. Then, using the fact tlim o (t) =
—00
1 . . a . . . Rt ey B (@)
P Sy, 18 unique for all v¢(0) € A, we can infer that belief mean p;(t) = - ST C)
also converges to the same point for all v*(0) € A and 8%(0) € RI¢I,

Necessary Condition:

First, we prove that if o?(¢) converges for all v®(0) € A, then S; # ). For any v*(0) € A,
from the definition of set A in (18), there exists a v*(0) € A satisfying v*(0) < v*(0) and
0 < v*(0). Due to the monotonically increasing property of g(-), applying g(-) to v*(0) < ¥v*(0)
gives v%(1) < ¥%(1). On the other hand, substituting ¥*(0) > 0 into (12) leads to v*(1) < 0, and
thereby v%(1) < ¥%(0). Combining with v®(1) < ¥%(1), we obtain v*(1) < ¥*(1) < v*(0). By
applying g(+) to the inequality repeatedly for ¢ > 0 times, we obtain v*(t+1) < v*(t+1) < v%(1).
Due to v%(1) < 0, we further have

Vit +1) <VI(t+1) <vi(t) <0, Vi>1. 42)

Since oZ(t) converges for any v®(0) € A, according to (11), we have v*(t) € W for t > 0.
From the definition of W in (13), this means pi; + > _yc i ; Visi(t) > 0 for all (4, 5) € &, or
equivalently vf,;(t) > —pii — X peprip e Visi(t). Using v(¢) < 0 for ¢ > 2 from (42), we can
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infer that vj ,,(t) > —p;; for all (¢,7) € £. Combining with v*(¢) < ¥%() in (42), we can see that
v“(t) is lower bounded. Together with the monotonically decreasing property of v*(t) from (42),
we can infer that v(t) converges, and thereby g (tliglo V“(t)) = tlggo v“(t). Furthermore, since
ve(t) > v*(t) from (42) and v*(t) € W, it can be inferred from the definition of WV in (13) that
v*(t) € W for all t > 0, and thereby tli>no£> v*(t) € W. Together with g (tlg& V“(t)) = tlg& ve(t),
it can be seen from the definition of S; in (17) that tlg?o v*(t) € Sy, and hence S; # 0.

Second, due to S; # (), according to Proposition 2, it is known that tlggo v®(t) = w* for all
v®(0) € A, and thus we have p; + tlg& > keni) Visi(t) = Dis + D ke Wiy Since o2(t) =
pii+2kgj\i(i) v, (1)

Finally, we prove p(G*) < 1. Due to & # 0, then p;; + Jim D ken() Visi(t) = pi +
> keniy Wi for all ve(0) € A. Thus, if 4,(t) = ‘:JFZ:’:?Q ‘())i’%:((i))
we can infer that tliglo > _keni) Bisi(t), or equivalently tlggo E-3%(t) is unique for all v*(0) € A
and 3%(0) € RI¥l, where E is a N x |£| matrix such that the i-th column of E - 3%(t) is equal
0 > heni) Frsi(t)-

Consider two initializations (v*(0), 37(0)) and (v*(0), 35(0)) with v*(0) € A and 37(0), 35(0) €
R, Since E-B3{(t) and E-35(t) converges to the same point, we have E(3{(t)—33(t)) converges

converges for v*(0) € A, we can infer that p;; + > ;) wi; # 0.

converges to the same point,

to 0, or equivalently
lim BE-AB(t) =0 (43)
for all v*(0) € A and AB*(0) € RI¥l, where AB“(t) = B4(t) — B3(t). Substituting AB*(t) =
1 G(k)-AB“(0) from (41) into (43) gives lim E-[[i_, G(k)-AB“(0) = 0 for all v*(0) € A
and AB°(0) € RI¥l. Using the same arguments after (41), it can be inferred that

lim E-G* =0. (44)

t—00
Now, we prove p (G*) < 1 by contradiction. Suppose p (G*) > 1. By multiplying eig, .. (G*)
on both sides of (44) and using the relation G*-eig, . (G*) = \ax(G*) - €ig, .. (G*), we obtain
tlim AL (G*) - E -eig,. . (G*) = 0. Due to p(G*) > 1 by assumption, then |M\,.x(G*)| > 1,
—00

thus we must have

E - eig, ..(G") = 0. (45)
Writing (45) into a scalar form gives that ), NG) e}eig, . (G*) = 0, or equivalently

Z ezieigmax(G*) = _efi ' eigmaX(G*)’ (46)
keN(i)\j
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where ey; is a |€| x 1 vector with only one nonzero element 1 in a position such that e/, - v®(t) =
vi_,;(t). From the definitions of A, p and u after (16), it is known that e Aeig,,. (G*) =

Zke./\/'(i)\j €},€igmax(G), eijp pij and e; (AW +u) = pii+ZkGN (i)j Wki- B applying these

; T
results to G* = —diag™' (Aw* 4 u)diag(p)A in (29), we obtain €], - G*y = Z?Efj/vj\(;()\)]\ kY
e € )\Jj ki

where y is any vector with compatible dimension as G*. Then, substituting y = eig, . (G*)

pijelieig .. (G*)
into this equation and making use of (46) gives e]; - G*eig,, (G*) = p“ijzkem S . On the

other hand, from the property of eigenvector, we also have e]; - G*eig,,,.(G*) = Amax(G*) -
eijelgmaX(G*). By equating the two equations, we obtain
Dij - eﬁeigmax<G*>
Pii T 2 kening Whi

Reversing the positions of ¢ and 7, we also obtain

= )\max(G*> ’ ez‘j;eignlax(G*)' (47)

DPji eg;eigmax<G*>
Pjj + Zke/\/'(j)\i Wy
Multiplying (47) and (48) and eliminating the common terms gives

= )\max(G*) ’ eg—’;eingaX<G*>' (48)

2
Dij
(pii + Zke/\/(i)\j wi) (i + Zke/\/(j)\z’ wl:j)

*

wr.
= - = ot (49)
Pii + D penin Whi

where the last equality is obtained directly from (12) with the fact that g;;(w*) = wj;.

A2 (G =

max

1
Piit2 ke (i) Whi
0 [29]. Thus, we have p;;+ . vy Wiy > 0, or equivalently ps;+3 2y v Wiy > —wj;- Together

It is known that if the variance o?(t) converges, the converged variance tlim o2(t) =
—00

G*) = —— Lo — < 1, which contradicts with the
Piit2 ken(i\sj Whi

assumption that p(G*) > 1. Thus, we have p(G*) < 1. u

with (49), it can be obtained that \2

max (

B. Damped Gaussian BP

In damped Gaussian BP, 3(¢) is updated as [24]

B(t+1)=(1—d)-B"(t)+d (G(t)B"(t) + b(t)), (50)

where d # 0 is the damping factor. It is known that damped Gaussian BP shares the same fixed
points as Gaussian BP [25], thus damped Gaussian BP can also be applied to compute the true
marginal mean upon convergence [6]. Now, we present the convergence condition of beliefs in

damped Gaussian BP.
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Theorem 4. In damped Gaussian BP, belief parameters (o2(t), p;(t)) converge to the same point
for all choices of v*(0) € A and 3°(0) € R¥! under a nonzero damping factor d if and only
if the three conditions hold: 1) S; # 0; 2) /{1(13}()9‘%()\@}*)) <1 or ﬁgr*l)%()\(G*)) > 1; 3)
Pii + D ke NG) wy,; # 0. Furthermore, the damping factor d should be chosen as

(0, min 2 - m), if maxR(A(G*)) <1

. 1-X(G*)|? +
de NE") 17%'@((;(*)))' ey ) (51)
<)I\I(l(c‘}%3{)2 R TEsveoT O), if /\I{g{l)?}%()\(G )) > 1.

Proof: Notice that (50) can be equivalently written as
Bit+1)=(1—d) - I+d-G(t))B"(t) +d-b(t), (52)

which is in the same form as (14) in Gaussian BP. By applying Theorem 3, it can be inferred that
2
and 3%(0) € Rl if and only if S; #0, p((1—d)-I+d-G*) <1 and p; + D ken(i) Whi # 0

Due to [A\((1—d)-I+d-G*)| = |l —d+d NG| = |(\(G*) — 1) - d — 1|, we have

PP(1—d)-I+d-G*) = §?33<)|(1—)\(G*)) +d— 1% Thus, p((1 —d) - I+d-G*) < 1is

belief parameters (07 (t), 1;(t)) of damped Gaussian BP converge for all choices of v*(0) € A

equivalent to

max {1 =XNG")*-d*—2(1 - R(NG"))) -d+1} < 1. (53)

The maximum operation in (53) implies |1 — A\(G*)|* - d? — 2(1 - R(AN(G")))-d+1<1
for all A(G*), or equivalently d( |1 — ANGH)? - d — 2(1 — R(A(G*)))) < 0. The condition can
only be satisfied under the two cases: 1) d > 0 and |1 — M(G*)[* - d — 2(1 — R(MG*))) < 0;
and 2) d < 0 and |1 — A\(G*)|* - d — 2(1 = R(A(G*))) > 0. The conditions of the first case are

equivalent to

1 - RAGY))
1= AGH
Obviously, the range of d in (54) is not empty if and only if R(A(G*)) < 1. The conditions of

0<d<?2 (54)

the second case are equivalent to
L. 1= RA(G))
1= NG
Similarly, the range of d in (55) is not empty if and only if R(A\(G*)) > 1.
Since (54) and (55) should be satisfied for all A\(G*), hence (53) is satisfied if and only if

i?c?f()%()\((; )) < 1or /\r(nGlg)ﬁ)%()\(G )) > 1. Furthermore, according to (54) and (55), it is

obvious that the damping factor d satisfying (53) is given by (51). [ ]

< 0. (55)
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Now, we reveal the relations between the convergence conditions of beliefs in Gaussian BP

and damped Gaussian BP.

Proposition 3. If the convergence condition of beliefs in Gaussian BP p(G*) < 1 holds, the

convergence condition of beliefs in damped Gaussian BP gléxx) %(A(G*)) < 1 holds as well,

and d = 1 must be a damping factor that can guarantee convergence.

Proof: Due to p(G*) = )r\r(lgx) A(G¥)|, if the convergence condition of beliefs in Gaussian

BP p(G*) < 1 holds, we have /{I(léix) IA(G*)| < 1, and thereby

MGH|? < 1. (56)

max
A(G™)

. oo ) 2 ) 2 : ) 2
Then, by noticing that [A(G*)|* = (R(A(G"))) +(S(A(G*)))", we can infer that mex (R(MGH))" <
1, and thereby )I\I(ICE;%X) §R()\(G*)) < 1. That is, the convergence condition of beliefs in damped
Gaussian BP holds.

Furthermore, from (56), we know that |[A(G*)|> < 1 holds for all \(G*). Adding 1 —
2R (A(G*)) on both sides of this equation gives 1 — 2R(A(G*)) + |MN(G*)|* < 2 — 2R(A(G*)),
% > 1. Since this holds for all A\(G*), we can infer that ;{lén)? .

> 1. Comparing this result with the first case of (51), it is obvious that d = 1 is in

or equivalently

L-R\(G"))
[1=A(G*)[?

the feasible range. [ ]

Proposition 3 reveals that the convergence condition of beliefs in Gaussian BP is always
implied by that in damped Gaussian BP. Also notice that typically in damped BP [24]-[28],
the range of d is confined in (0, 1]. Theorem 4 not only gives possibly wider range of d with

convergence guarantee, but also avoids the trial-and-error for finding the d.

C. Asynchronous Gaussian BP

Modified from the synchronous updating of v*(¢) in (11) and B%(¢) in (14), under asyn-

chronous scheduling, v{,;(t) and i, ,(t) for t € 7;_,; are updated as

2
bij;
it +1) = = e (57)
B Pii T 2 keningVi—i(Tii (1))
e 41) Dij (hi + Zke/\/’(z‘)\jﬂgei(ﬁ;—n&))) 58)
" Pii T 2 keningVi—i(Tii(t)) 7
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where 7;,; is the set of time instants at which v{,,(¢) and 3¢ ;(¢) are updated and 7 ,,(t)

satisfies the totally asynchronous scheduling defined below.

Definition 1. (Totally Asynchronous Scheduling) [30]: The sets T;_,; are infinite, and 7'2»“_>j(t)

satisfies 0 < 7, ,(t) < t and tlim 7, (t) = oo for all (i, j) € E.
—o0

From the above definition, the updating of each message is executed independently at time
instants ¢ € 7;_,; with (i,7j) € £. Moreover, at each updating time instant, only the previously
available information v{_,,(77,,(¢)) and B¢, (7{,,(t)) at each node is needed. Now, the following

theorem can be presented.

Theorem 5. In asynchronous Gaussian BP, if S1 # 0, p(|G*|) <1 and pi; + 3 e priy Wi # 0,

belief parameters (o7

2(t), 1i(t)) converge to the same point for all choices of v*(0) € A and
B*(0) € RIEI,

Proof: See Appendix A. [ ]
Due to p(G*) < p(|G*|) [30], it can be seen that the convergence condition of asynchronous

Gaussian BP in Theorem 5 is more stringent than that of synchronous Gaussian BP in Theorem

3.

V. RELATIONSHIPS WITH EXISTING CONVERGENCE CONDITIONS

In many existing convergence conditions, the original PDF f(x) is first transformed into its
normalized form

F(%) o exp {—%58“155& + ﬁTi} , (59)

where X = diag%(P)x, P = diag_%(P)Pdiag_%(P) and h = diag_%(P)h. Then, Gaussian BP
is carried out with P and h using the updating equations in (4), (5), (7) and (8). Under the
normalized P and h, we denote the corresponding message parameters as v%(¢) and 3 (¢). The

and

corresponding belief variance and belief mean are calculated as ¢7(t) = 1

- . 42 ken (i) Timi(®)
- h; N Br—i . . . . ..
i (t) = lizz’“i’;f( tﬁ’“‘”fff, respectively. Then, the belief variance and belief mean of the original
keEN (i) "k—1i

g ii

PDF f(x) can be recovered from o7(t) = _-67(t) and 11;(t) = \/%[Li(t). With the normalized
P, the matrix G* as well as sets S; and A can be defined accordingly. The following proposition

reveals that the convergence conditions proposed in this paper are invariant to normalization.
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Proposition 4. The following statements hold:

1) S # 0 if and only if Sy # 0;

2) If 81 # 0, then p(G*) = p(G*) and p(|G*|) = p(|G"|);
3) 1+ 3 hen Wi # 0 if and only if pii + 3y priy Wi 7 0.

Proof: See Appendix B. [ |

It is proved in [24] that if walk-summability p(|P —I|) < 1 (or equivalently p(|P| —1I) < 1
since all diagonal elements in P are equal to one) is satisfied, the belief variance and belief
mean can be computed with Gaussian BP under synchronous and asynchronous scheduling with
message initialization v*(0) = 0 and 3" (0) = 0. Now, we show the relation between p(|P| — I)

and the proposed conditions.
Theorem 6. If p(|P| —I) < 1, then S # 0, p(|G*|) <1 and 1+ 3,y ;) Wy # 0.

Proof: As proved in [24, Proposition 13], walk-summability p(|P| —I) < 1 is equivalent to
the pairwise normalizable condition, which is called the convex decomposition condition in [23].
Notice that X" P in the exponent of f(%) in (59) can be expanded as S, (1 — 3 KEN () DriOki) T2+
5 2 tijyee OiD5T 4 2D4%:%; + 0i;p7;3) for any 0;; € R. Convex decomposition requires the
existence of 6;; for all (4, j) € £ satisfying the two conditions:
Ol P | 0,V (i,7) € €, (60)

Dij  Oiby

1= Y prbii >0, VieV. (61)
keN (i)

Now, we will prove that if convex decomposition conditions in (60) and (61) are satisfied, then
S # (). From (60) and property of a positive semi-definite matrix, we can infer that Hﬂp” >0
and 0;,0;;p}; — p; > 0, or equivalently

0;; >0, (62)

0,057 > (63)

If 0;; or 0;; equals 0, obviously, (63) cannot hold due to ]3% > 0. Thus, we have 0,; # 0 and
6;; # 0. Putting this result into (62) and (63), we obtain ¢;; > 0 and p2 050 > 5- - , respectively.
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Substituting 6;; > 0 into (61)’s equivalent form 1 — >, NN Drifri > Pi;0;: gives
L= > Prbri > 0. (64)
keEN (D)\j
Further, applying p7;6;; > % 0 1= v Prifri > Dy;05i, we also obtain
—0i < — 2 (65)

1— ZkeN(i)\j ﬁiﬁm'
By defining ¢;; = —ﬁ?jéij, then (64) and (65) can be written as 1+ ZkeN(i)\j cr; > 0 and

I R
143 ken(iy\g Cki

Therefore, we have ¢ € S; and S; # ), where ¢ contains ¢;; with (i,j) € £ arranged in

cij < for all (i,j) € £, which are exactly the conditions of S, defined in (17).

ascending order first on j and then on .

Furthermore, it is proved in [23, Lemma 3] that if p(|P| —1I) < 1, we must have p(|G*|) < 1.

-
42 ken () Bri
under v*(0) = 0 [24], we must have 1+ 37, -,y Wj; # 0. [

At last, since p(|P| —I) < 1 guarantees belief variance converge to tlim o2(t) =
—00

A relaxed initialization set is also proposed in [23] under the convergence condition of convex
decomposition, which is proved to be equivalent to walk-summability [24]. The initialization set
in [23] is defined as D = {¥%(0)| — diag *(p)v*(0) < 6; V 0 s.t. (60), (61)}, where @ contains
elements 6;; with (7, j) € £ arranged ascending order first on j and then on 7. Now, we propose

the following proposition.
Theorem 7. D is a subset of A.

Proof: Notice that D can be written as D = {v*(0)[v*(0) > —diag®(p)@; V 0 s.t. (60), (61)}.
For any O satisfies the conditions of (60) and (61), we have (64) and (65) hold, which is
equivalent to ¢ = —diag?(p)@ € int(Sl), where the boundary of S; is excluded since equality
sign is included in definition of 5’1 but not in (64) and (65). Thus, it can be seen that D C
{¥%(0) > c|c € int(S;)}. Then, from the definition of A = {w > O}U{w > wo |wo € int(S)) }U

{W > wy ‘Wo €S, and wy = tlim g(t)(O)} in (18), it is obvious that D is a subset of A. M
—00

VI. NUMERICAL EXAMPLES

In this section, numerical results are presented to illustrate the theories in this paper. The

example is based on the linear coefficient h = [1,1,---,1]7 with length N = 20, and the
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precision matrices P constructed as

1, it © = 7,

Pij = (66)

C* Umod(i+j10)+1,  if 0 # J,
where ( is a coefficient indicating the correlation strength among variables; and aj is the
kth element of the vector a = [0.13,0.10,0.71, —0.05,0,0.12,0.07,0.11, —0.02, —0.03]. The
varying of correlation strength ¢ induces a series of matrices, and the positive definite constraint
P > 0 can be guaranteed when ¢ < 0.5978. Furthermore, numerical calculation shows that
when ( < 0.5859, we have 81 # 0 and p;; + >,z Wiy # 0 by solving the SDP problem in
(19). Thus, when ¢ < 0.5859, to determine the convergence of beliefs, we only need to check
whether p(G*), /{I(lgx) R(A(G*)) and p(|G*|) are satisfied for synchronous Gaussian BP, damped
Gaussian BP and asynchronous Gaussian BP, respectively.

Fig. 2 illustrates how the spectral radii p(|P| —1I), p(|G*|), p(G*) and the maximum real part
of eigenvalues /I\l(qu) R(A(G™*)) vary as a function of (. The curves are plotted for ¢ < 0.5859
which guarantees S; # 0 and p; + >, N ) Whi # 0. In Fig. 2, three critical values can be
observed: (, = 0.3945, (, = 0.4621 and (. = 0.5859, which are labelled as A, B and C,
respectively. It can be seen that ( < (,, ( < (, and ( < (. are the necessary and sufficient
conditions for p(|G*|) < 1, p(G*) < 1 and S; # 0, respectively. Then, according to Theorem
5, if ¢ < (,, beliefs converge for all initialization v®(0) € A and 3%(0) € RI¥! under any totally
asynchronous scheduling. Furthermore, from Theorems 3 and 4, it can be obtained that { < (;
and ¢ < (. are the necessary and sufficient convergence conditions of beliefs in synchronous and
damped Gaussian BP, respectively. Lastly, from Fig. 2, it is obvious that if p(]f’] —1I) < 1, then
p(|G*|) < 1. This numerically corroborates the claim in Theorem 6 that walk-summability is
implied by the convergence conditions proposed in this paper. Next, we inspect the convergence
behaviors around the three special points A, B and C under two different initializations: (v*(0) =
0,3%(0) = 0) and (v*(0) = w*,8%(0) = 1 x 0.01), where w* is the optimal solution of (19)
with ¢ = 0.5858.

First, consider ¢ = 0.4600 and 0.4700, which are neighbors on opposite sides of the critical
value ¢, = 0.4621. Fig. 3 illustrates how belief mean i (¢) computed with synchronous Gaussian
BP evolves. When ¢ = 0.4600 < (,, it is observed from Fig. 3a that yu4(¢) converges to the

same value under the two different initializations. On the other hand, when ¢ = 0.4700 > (,
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Fig. 2: lllustration of p(|P| —I), p(|G*|), p(G*) and i?g() R(A(G™*)) as a function of (.

(a) Convergence of L (t) of synchronous Gaussian BP with {=0.4600

vi(0) = w*, °(0) =1x0.01 [{

ve(0) =0, 3*(0) =0

L L L L L L L
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(b) Divergence of ,(t) of synchronous Gaussian BP with {=0.4700

-2 vi(0) =0, F(0)=0

.
0 10 20 30 40 50 60 70 80 90 100
Number of Iterations (t)

Fig. 3: Tllustration of convergence and divergence of belief mean () in synchronous Gaussian

BP under different initializations with ¢ chosen around the critical value (, = 0.4621.

Fig. 3b demonstrates the divergence of y4(t). Thus, Fig. 3 verifies the necessary and sufficient
convergence property of synchronous Gaussian BP in Theorem 3.

Second, consider ¢ = 0.5858 and 0.5860, which are chosen to be slightly smaller and larger
than (. = 0.5859, respectively. When ¢ = 0.5858 is slightly smaller than (., = 0.5859, Fig.

4a illustrates the convergence of 1 (t) in damped Gaussian BP with damping factor d = 0.61,
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(a) Convergence of u(t) of damped Gaussian BP with {=0.5858

" Ly
=
0 vi(0) =w*, f%0) =1x0.01, d =0.61 ||
v*(0) =0, 5(0) =0, d =0.61
_1 L L L L L
0 50 100 150 200 250 300
Number of Iterations (t)
X 10° (b) Divergence of u,(t) of damped Gaussian BP
2f |
0
ir -z v*(0) =0, 3*(0) =0, d =0.63, ¢ =0.5858

v(0) =0, #(0)=0, d=0.61, ¢ =0.5860

0 100 200 300 400 500 600
Number of Iterations (t)

Fig. 4: Tllustration of convergence and divergence of belief mean i (t) in damped Gaussian BP

under different initializations with ¢ chosen around the critical value (. = 0.5859.

which locates within the required range d € (0, 0.6201) computed from (51). On the other hand,
when the damping factor d = 0.63, which is outside of the range (0, 0.6201), Fig. 4b shows that
belief mean 1 (t) does not converge. Moreover, when ¢ = 0.5860 which is slightly larger than
(. = 0.5859, Fig. 4b illustrates that belief mean ;(t) cannot converge neither, even damping
is applied. Obviously, Fig. 4 corroborates the necessary and sufficient convergence condition of
damped Gaussian BP as well as the proposed range of damping factor in Theorem 4.

Finally, consider ¢ = 0.3900, which is slightly smaller than the critical value (, = 0.3945.
To demonstrate the effects of asynchronous update, two schedulings with 2% and 10% chances
of missing the exchanged messages are considered. When missing rate is 2%, Fig. 5a shows
that the belief mean 1 (t) converges to the same value under the two different initializations.
Moreover, the convergence of y(t) under the asynchronous scheduling with message missing
rate equal to 10% is also observed in Fig. 5b. Obviously, Fig. 5 verifies the results in Theorem

5.

VII. CONCLUSIONS

In this paper, by describing the message-passing process as a set of updating equations,

necessary and sufficient convergence conditions of beliefs in synchronous Gaussian BP and
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(a) Convergence of u1(t) of asynchronous Gaussian BP with {=0.3900
and message missing rate=2%

157 vI(0) = w*, 4%(0) =1 x 0.01
1+ vi(0)=0, g*(0)=0 5
Tos} \/\/v» .
0 L 4

_05 L L L L L L L L L
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(b) Convergence of p1(t) of asynchronous Gaussian BP with {=0.3900
and message missing rate=10%

181 vi(0) = w*, 4%(0) =1 x 0.01

v*(0) =0, F(0)=0 7

14(t)
o
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Fig. 5: Tllustration of convergence of belief mean i, (¢) under different initializations and message

missing rates with ¢ chosen smaller than the critical value {, = 0.3945.

damped Gaussian BP are derived under a newly proposed initialization set. The proposed
initialization set is proved to be the largest among all currently known initialization sets. The
results theoretically confirmed the extensively reported conjecture that damping is helpful to
improve the convergence of Gaussian BP. Furthermore, under totally asynchronous scheduling, a
sufficient convergence condition of beliefs is also derived for the same proposed initialization set.
Relationships between the proposed convergence conditions and existing ones were established
analytically, demonstrating that the existing convergence conditions are implied by the proposed

ones. Numerical examples are presented to corroborate the established theories.

APPENDIX A

PROOF OF THEOREM 5

Under totally asynchronous scheduling, due to S; # (), it is known from Theorem 1 that

v“(t) converges to the same point for all v*(0) € A with tlim ve(t) = w*. Thus, if S; # ()
—00

1

Piit2ken (i) Vi—i(t)

1 . . 1 . .

to ——=——— for all v¢(0) € A. Since lim - is unique, to prove that the
Pii T2 ken(s) Whi (> t—oo Piit2ken (i) Vi () que. p

Ritd pen i) B (t)

T Pt ken (i) Vi (D)

and pi; + o) Wiy # 0, we can infer that belief variance o7 = converges

belief mean 1;(t) converges to the same point, we only need to prove 3°(t)
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converges to a unique value under totally asynchronous scheduling for all 3%(0) € R4,

First, define a sequence of sets V(m) = {w |[v*(m) < w < ¥%(m) } with v*(0) € int(S;) U
{w*} and v(0) > 0. Due to v*(0) € int(S;) U{w*}, from the definition of &; in (17), we have
v*(0) < g(¥*(0)), or equivalently v*(0) < ¥*(1). From the monotonically increasing property
of g;;(-) in (24), it can be inferred that g(v*(0)) < g(¥*(1)), or equivalently v*(1) < ¥v*(2).
By induction, we obtain ¥v*(m) < ¥*(m + 1) for m > 0. On the other hand, due to ¥(0) > 0,
substituting it into (12) gives V(1) < 0, and thereby V(1) < ¥(0). From the monotonically
increasing property of g;;(-) in (24), it can be inferred that g(¥(1)) < g(¥(0)), or equivalently
v%(2) < ¥v*(1). By induction, we have v*(m + 1) < ¥%(m) for all m > 0. Combining with
v*(m) < ¥%(m + 1), we can infer that V(m + 1) C V(m). It is known from Theorem 1 that
v%(m) and ¥*(m) both converge to w*, thus we have the set V(m) also converges to a single
point w*.

Next, from (58), the updating function of 3(t) can be written as

¢ (7,8%) = G(v)B" + b(v), (67)

where G(v) £ —diag ' (A~ + u)diag(p)A and b(v) £ —diag ' (A~ + u)diag(p)&. Then,

define the following sets

B(m) ={B"| 18" = &5, < nm }, (68)
where ||| is the weighted maximum norm with weighting w; ¢ is defined in (31);
2 max IGO0+ Z() (69)
~YeV(m—1)

with Z(v) £ |(G(v) — G*) ¢ + b(v) — b*||; and |||, is the induced matrix norm of ||-||%..
To define the set 3(m), the initial 7 could be any positive value such that the chosen initialization
B(0) lies within the set B(0).

Due to the maximum weighted norm ||-||2 in (68), set B(m) can always be represented as
the product of subsets of individual components, and thereby the box condition [30, p. 431] is
satisfied. Thus, to prove the convergence of 3%(¢), we only need to prove that B(m) satisfies the
following three conditions: 1) B(m + 1) C B(m) for all m larger than some positive integer; 2)
o (v,8%) € B(m +1) for any v x 8 € V(m) x B(m); 3) B(m) converges to ¢ [30, p. 431].
1) Due to p(|G*|) < 1, there exists some weighted maximum matrix norm ||| such that

IG*|IX. < 1[30]. Since V(m) converges to w*, there exists a mq such that |G ()2, < 1 for
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all v € V(my). On the other hand, for any v € V(my), due to V(my) C V(0) and V(0) C A,
it is known that v € A. From (37), we have Ay +u > 0, and diag™'(A~ +u) exists. Then,
elements in G(v) and b(~) are finite, and thus .Z(y) = [|[(G(7v) — G*) ¢ + b(v) — b*||,
must be finite for all v € V(mg). Combining with [|G(v)[2, < 1 for all v € V(my),

max Z(v)
. \% . .. . .
we can infer that — 7;;:0)‘"(;(7)”‘ is a positive finite value. Thus, by choosing 7, large
YEV(Mmq) i
&
‘ren\}(a:r(bo) @)

enough, we can always ensure 3(0) € B(0) and 7,,, > = or equivalently

1- max_ HIG()
~YEV(m,

max H|G( M e+ max Z() < g Comb1n1ngw1ththefact max {|||G M me+

GV( ~Y€EV(mo) YeEV(m

} < max |Gy m,+ max Z(v), we can infer from the deﬁnmon of Mmg41 i
yeV(mo) YEV(mo)
(69) that 7,041 < Mmy- NOW, SUPPOSE 1)y 41 < Ny, fOr some m > my. Applying this to 7,42 =

max LG i1 + Z(7)} from (69) gives iz < max LGS0 +
YEV(m+1) ~YeV(m+1)

iﬂ('y)} Due to V(m-+1) C V(m), it can be further inferred that 7,,, o < max {|||G( M 7+
Z (’y)} According to the definition of 7,,11 in (69), we obtain 7,12 § Nm+1. Hence,
Nma1 < Ny for all m > myg. Thus, the first condition is proved.

2) From (31), it is known that ¢ = G*¢ + b*. Subtracting it from (67) and rearranging the
terms gives ¢ (v,8%) —¢ = G(v) (8" — @)+ (G(v) — G*) ¢ +b(v) — b*. Taking the norm
on both sides of this equality leads to

I (7, 8) = dlls < IGILIBY = Dl + L (). (70)

For any v x 8% € V(m) x B(m), it is known from (68) that |3 — ¢/, < 1,,. Applying it
to (70) gives [ (7,8%) — ¢l < NGH)5mm + L (7). and hence [l¢ (v,8%) — @[, <
_YIEI%/ax {H|G( M 7w + .,5,”('7)} = Nm+1. Thus, the second condition is proved.

3) Since 7,41 < Ny for m > mg and 7, is lower bounded by 0, then 7),, converges to a value
n*. Since V(m) converges to w*, it can be inferred from (69) that n* = [|G*||%_n*. Due to
IIG*|I%, < 1, we have n* = 0. From (68), * = 0 means that 5(m) converges to ¢. Hence,

the third condition is proved

APPENDIX B

PROOF OF PROPOSITION 4

First, if S; # (), for any ¢ € S;, according to the definition of S; in (17), it is known that
Cij < p?j

S TSrevao o and p;; + Zke/\/(i)\j cki > 0 for all (i,j) € £, which are equivalent
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2
Cij P

to —
Pj; — piipjj(l‘i‘zke./\/(i)\j

7o) and p; (1 + Zke/\f(i)\j Cri/Dii) > 0. With the definition ¢&;; =

~2
P

TS e A4 1D eniy G > 0

for all (4, j) € £, where p;; = \/ﬁf_;\j/m due to P = diag_%(P)Pdiag_%(P). From the definition

of gl in (17), it can be seen that ¢ € S~1, where € contains elements ¢;; for (i,7) € € arranged

¢;j/pjj. the two relations can be further written as ¢;; <

in ascending order first on j and then on 7. Thus, we have S; # (). Similarly, we can also prove
that if S; # 0, then S; # 0.
Second, due to S; # 0 and thereby S; # (), the optimal solution w* and w* of (19) exist, and

thereby G* and G* defined in (29) exist, too. Using tlim v*(t) = w* and tlim v(t) = w*, we can
—00 —00

2 ~2
. DI ~ D g
obtain from (11) that v} = ———~—*—— and W} = ———2—— for all ¢ > 0. Dividin
( ) vy Pii+2kze/\f(i)\jwki Y 1+Zke/\/’(i)\%’wki g
N . % p;; . w; P . .
p;j; on both sides of w;; = BT ST gives = = — T Comparing this

PiiPii (W2 ken Ny poy)
~2

D3 .

2 we can infer that

result to UNJ* =
v 42 ken(in Wi

Wr = Y (71)

for all (4, j) € £. By using (71), we have 1+ 3, )Wk = pL (pii + ZkeN(i)\iji>- Writing

it into a vector form gives

AW + 1 = diag™ ' (u)(Aw"* + u), (72)
where u is defined after (16). On the other hand, due to p;; = \/pfp\J/T writing it into a vector
form, we obtain

P = diag 2 (u)diag ™ (W)p, (73)

where the vector p contains p;; with (¢,j) € £ arranged in ascending order first on j and
then on ¢; and G = [pnllffv(l)‘,pgglﬁv(m, e ,pNNlav(N)‘]T with 1)y;); denoting an all ones
vector of length |/ (7)|. Substituting (72) and (73) into the definition of G* = —diag ™' (AW* +
1)diag(p)A, we obtain
G =— diag(u)diag ' (Aw* + u)diag_%(u)diag_%(ﬁ)diag(p)A

= diag™? (@)diag? (0)G", (74)
where the second step is due to the fact that positions of diagonal matrices can be interchanged.

It can be verified that diag%(u)G* = G*diag%(ﬁ), thus we further have
G* = diag 2 (1)) G*diag? (). (75)
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Obviously, G* and G* are similar matrices. From basic properties of similar matrices, we have
p(G*) = p(G*). On the other hand, taking absolute value of elements on both sides of (75)

gives
|G*| = diag ™2 (|a])|G*|diag? (|a). (76)

It is obvious that |G*| and |G*| are similar, and hence p(|G*|) = p(|G*|).
Third, putting (71) into 1+, ;) Wi, gives 147y vy Wiy = pi(p“ + D kenr(s) Whi)- Thus,
Dii + Zke/\f(i) wy; # 0 if and only if 1 + Zk@\/’(i) wi, # 0.
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