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In this paper, linear beamforming design for amplify-and-forward relaying cellular
networks is considered, in which base station, relay station and mobile terminals are all
equipped with multiple antennas. The design is based on minimum mean-square-error
criterion, and both uplink and downlink scenarios are considered. It is found that the
downlink and uplink beamforming design problems are in the same form, and iterative
algorithms with the same structure can be used to solve the design problems. For the
specific cases of fully loaded or overloaded uplink systems, a novel algorithm is derived
and its relationships with several existing beamforming design algorithms for conven-
tional MIMO or multiuser systems are revealed. Simulation results are presented to
demonstrate the performance advantage of the proposed design algorithms.

Crown Copyright © 2012 Published by Elsevier B.V. All rights reserved.

1. Introduction

Cooperative communication is a promising technology
to improve quality and reliability of wireless links
[1-20]. One of the most important application scenarios
of cooperative communications is cellular network. Due
to shadowing or deep fading of wireless channels, base
station may not be able to sufficiently cover all mobile
terminals in a cell, especially those on the edge. Deploy-
ment of relay stations is an effective and economic way to
improve the communication quality in cellular networks,
as shown in Fig. 1.

In cooperative cellular networks, there are two major
strategies in relaying. Relay station can either decode the
received signal before retransmission [21] or simply
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E-mail addresses: xingchengwen@gmail.com (C. Xing),
shaodanma@umac.mo (S. Ma), minghua.xia@kaust.edu.sa (M. Xia),
ycwu@eee.hku.hk (Y.-C. Wu).

amplify-and-forward (AF) the received signal to the cor-
responding destination without decoding [22]. AF strat-
egy has low complexity and minimal processing delay,
and is more secure. These reasons make AF preferable for
practical applications. In fact, deployment of AF relay
station with multiple antennas to enlarge coverage of
base station has been adopted as a standard transmission
technique in a lot of communication systems, e.g., LTE,
IMT-Advanced and Winner Project [23,24].

Beamforming design in cooperative networks, which
refers to the design of beamforming matrices at the
sources, relays and destinations, has attracted consider-
able research interest recently, due to its potential of
significant performance improvement. Comparing with
traditional beamforming designs for point-to-point MIMO
systems without relay stations [30-37] the beamforming
design for AF relaying systems is significantly different
and more challenging due to the cumulative noise effect
from multiple hops and the fact that the noise at the relay
will also be amplified and forwarded to the destination
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Fig. 1. Amplify-and-forward MIMO relaying cellular network.

node [17,18]. It is thus nontrivial to carefully investigate
the beamforming designs for AF relaying systems.

There is a rich literature about beamforming design for
cooperative networks. Generally speaking, the beamform-
ing design heavily depends on network topologies, design
objectives and constraints. It would significantly change
from system to system. From the objective point of view,
the beamforming design can be basically classified into
two categories. One is to maximize capacity [25], while
the other is to minimize the mean-square error (MSE) of
the recovered data [26]. The MSE criterion has been
widely chosen since it aims at recovering the data as
accurately as possible. It has been extensively adopted in
traditional point-to-point [27-29] or multiuser MIMO
systems [30-36,46,47]. The MSE minimization is also
related to capacity maximization [29,34] if a suitable
weighting is applied to different data streams.

According to the network considered, the beamform-
ing design problem can be further classified into the
following categories. The first one considers a simple
and fundamental network with one source, one destina-
tion and one relay. Various beamforming design algo-
rithms have been proposed to achieve different objectives
under different constraints [7,5,40]. For example, in our
previous work [40], a joint design of the relay beamform-
ing matrix and the destination equalizer is proposed to
achieve minimum MSE of the received signals without
considering the design of source beamformer. The second
category focuses on a network with one source, multiple
distributed single antenna relays and one destination
[8-10,17,18,28]. Usually this kind of design is not prefer-
able for cellular applications [23,24] due to high overhead
requirement for the purpose of synchronization among
multiple relays. The third category investigates a recently
proposed two-way relaying network in which two
sources exchange information with the help of one relay
using physical layer network coding [13-16]. Perfect
synchronization between two sources is required in order
to achieve the throughput improvement promised by the
two-way relaying strategy, which thus limits its applica-
tion in cellular networks. The fourth category considers a
cellular network with multiple single antenna mobile
terminals, one multiple antenna relay and one multiple
antenna base station. This relay cellular network has been
investigated from various points of view. For example,
beamforming design for capacity maximization has been
considered for the downlink in [21], and quality-of-

service based power control has been investigated for
the downlink in [22]. However, in the next generation
multi-media wireless communications, it is likely that the
size of a mobile terminal allows multiple antennas to be
deployed. Unfortunately, extension from the previous
works on single antenna mobile terminals to multi-
antenna terminals is by no mean straightforward.

In this paper, we take a step forward to investigate a
cellular AF cooperative network with multiple mobile
terminals, one relay and one base station, each node
equipped with multiple antennas. In particular, we consider
the joint design of the precoders, forwarding matrix, and
equalizers for both uplink and downlink under individual
power constraints. The design problems are formulated as
optimization problems with the objective of minimizing the
sum MSE of multiple detected data streams. Since extension
of the presented algorithm to weighted MSE criterion is
straightforward, we focus on sum MSE criterion for nota-
tional clarity. The contributions of the paper are listed as
follows. Firstly, the downlink is considered and an iterative
algorithm is proposed to jointly design the precoder at base
station, forwarding matrix at relay station and equalizers at
mobile terminals. Secondly, for the uplink case, we demon-
strate that the formulation of the beamforming design
problem has the same form as that in the downlink, and
the same iterative algorithm can be applied. Thirdly, since
the proposed general iterative solution provides little insight
and has high complexity, we derive another low complexity
algorithm for the uplink under a special case when the
number of independent data streams from different mobile
terminals is greater than or equal to their number of
antennas. It is found that the resultant solution includes
several existing algorithms for multiuser MIMO or AF relay
network with single antenna as special cases.

For clarity, we would like to further point out the
differences between this work and our previous work in [40].

(a) Without channel estimation errors, the proposed
algorithm in [40] is exactly a special case of the uplink
transceiver design in this work. Notice that in [40], there
is only one source node and the source precoder design is
not considered. In this work, there are multiple source
nodes and the source precoder design is taken into
account. For AF MIMO relaying systems, source precoder
design is of great importance and offers additional design
freedom for performance improvement. This fact has been
revealed in [5].

(b) In the uplink case, multiple sources impose indivi-
dual transmit power constraints on the beamforming
design, which is different from that with one total power
constraint in [40] and makes the design challenging.

(c) Beamforming design for the downlink is also
discussed here. Since the signals are distributedly esti-
mated at multiple destination nodes, the beamforming
design is more challenging than its counterpart in uplink.

The paper is organized as follows. In Section 2, beamform-
ing design problem for the downlink is investigated, and an
iterative algorithm is presented. In Section 3, the analogy of
the uplink and downlink beamforming design problems is
demonstrated. Furthermore, another low complexity beam-
forming design algorithm is derived for the special case of
fully loaded or overloaded system, and the relationships of
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this algorithm with other existing algorithms are discussed.
Simulation results are given in Section 4 to demonstrate the
effectiveness of the proposed algorithms. Finally, conclusions
are drawn in Section 5.

The following notations are used throughout this
paper. Boldface lowercase letters denote vectors, while
boldface uppercase letters denote matrices. The notation
ZH denotes the Hermitian of the matrix Z, and Tr(Z) is the
trace of the matrix Z. The symbol Iy, denotes an M x M
identity matrix, while 0y y denotes an M x N all zero
matrix. The notation Z!/? is the Hermitian square root of
the positive semidefinite matrix Z, such that Z!/2z'/2 =2
and Z'? is also a Hermitian matrix. The operation
diag{[A B]} is defined as a block diagonal matrix with A
and B as block diagonal. The symbol E{e} represents the
statistical expectation. The operation vec(Z) stacks the
columns of the matrix Z into a single vector. The symbol
® denotes the Kronecker product. For two Hermitian
matrices, C:=D means that C—D is a positive semidefinite
matrix.

2. Downlink beamforming design
2.1. System model and problem formulation

On the boundary of a cell, due to shadowing or deep
fading, the direct link between base station (BS) and
mobile terminals may not be good enough to maintain
normal communication. Then mobile terminals can rely
on relay station to communicate with BS. As shown in
Fig. 2a, in downlink, signal is first transmitted from the BS
to the relay station and then the relay station forwards
the received signal to the corresponding mobile terminals.
It is assumed that the BS has Np antennas and the relay
station has Np antennas. For the kth mobile terminal, it
has Ny, antennas. The BS needs to simultaneously com-
municate with K mobile terminals via a single relay
station. There are L, data streams to be transmitted from
the BS to the kth mobile terminal, and the signal for the
kth mobile terminal is denoted by a L, x 1 vector s;. It is
assumed that different data streams are independent, i.e.,
[E{sksj”} =0y, ;, when k#j and E{skstl} =1,,. With separate
precoder T, for different mobile terminals, the received
signal at the relay station is

r =HpTs+1, (1

where Hgr denotes the Nz x Np channel matrix between

a

Base station Mobile terminals

Relay station

Base station

the BS and relay station, T=[Ty,...,T], s=[s},...,sk]"
and the vector n denotes the additive Gaussian noise with
zero mean and covariance matrix R,. The power con-
straint at the BS is given by >, Tr(T,T}) < Ps, where P; is
the maximum transmit power.

At the relay station, before retransmission the signal r
is multiplied with a forwarding matrix W under a power
constraint Tr(WR,W)H <P, where P, is the maximum
transmit power at the relay station and R, is the covar-
iance matrix of the received signal r

Ry = Hi TT'HE, + R, )

Finally, at the kth mobile terminal, the received signal y,, is
Vi = Hrat, K WHERTS + Hgyy,  WH +V, 3)
where matrix Hgy is the Ny x Ng channel matrix
between the relay station and the kth mobile terminal,
and v is the additive Gaussian noise at the kth mobile
terminal with zero mean and covariance matrix Ry, .

At each mobile terminal, an equalizer G, is employed
to detect the data. The mean-square-error (MSE) of data
detection at the kth terminal is

MSEI((Gkaka) = |E{|\kak*SkH2}, (4)

MSE(Gy., W, Ty,) = Tr(Gy(Hgw \ WR:W"HEy,  +Ry,)GY)
—Tr(GHgy, K WHERT)
—Tr((GxHpy  WHRT)™) + Tr(I, ). 5
Now defining y=[y],....ykI". Hrm=[Hppy 1. ... Hiyxl",

v=[vl,...,viI", and G=diag{[Gi,...,Gk]}, the sum MSE
can be written as

K
MSEp(GW.T) = >~ MSE(G,W,T})
k=1

= Tr(G(Hry WR,W"HE , + Ry)G™)
—Tr(GHgyWH3pRT)
—Tr((GHpyWHgT)") + Tr(lIp), (6)
where L = Z;f:1 Ly and Ry =diag{[Ry,, . ..,Ry]}.

Therefore, the downlink beamforming optimization
problem can be formulated as

min  MSEp(G.W.T)

s.t. Tr(TT™) <P,
Tr(WRW) <P,
G =diag{[Gq, ...,Gk]}. (7)

b

Mobile terminals

Relay station

Fig. 2. Amplify-and-forward MIMO relaying downlink and uplink cellular systems. (a) Downlink case and (b) Uplink case.
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Note that the optimization problem (7) is different
from that in [40] where no source precoder and no block
diagonal constraint on the equalizers G are included. It
thus calls for a different solution. It is clear that the
optimization problem (7) is a nonconvex optimization
problem for T, W and G, and there is no closed-form
solution. This challenge remains even for the special case
of multiuser MIMO systems [30,31,35] where only single
hop transmission is involved. However, notice that when
two out of the three variables are fixed, the optimization
problem (7) for the remaining variable is a convex
problem, and thus can be solved. Therefore, an iterative
algorithm alternating the design of three variables can be
employed.

2.2. Proposed iterative algorithm

(1) Equalizer design at the destination: When T and W
are fixed, the optimization problem (7) is an uncon-
strained convex quadratic optimization problem for G.
Furthermore, since the structure of G is block diagonal,
the design of individual G, are decoupled. Therefore,
the necessary and sufficient condition for the optimal
solution is

aZk MSEk(Gkaka)
oGy

=0r, Ny 0 8)

and the optimal equalizer for the kth mobile terminal can
be easily shown to be

Gy = (Hgw WHrTy)" (Hy \ WRWHHE,  +Ry,) . C)

(2) Forwarding matrix design at the relay station: When
T and G are fixed, the optimization problem (7) is a
constrained convex optimization problem for the variable
W, and the Karush-Kuhn-Tucker (KKT) conditions are the
necessary and sufficient conditions for the optimal solu-
tion [38]. The KKT conditions of the optimization problem
(7) with respective to W are [39]

HY,, G GHryyWR, + A\WR, = (HsrTGHgyp)", (10)
MTr(WRWH—P)=0, 1>0, (11
Tr(WR,W") < P, (12)

where A is the Lagrange multiplier.
Based on the first KKT condition (10), the optimal
forwarding matrix W can be written as

W = (HE,, G GHRyy + A1)~ (Hgs TGHRy) 'R}, (13)

where the value of 4 is computed using (11) and (12).
Since / also appears in W, (11) and (12) depend on /4 in a
nonlinear way and there is no closed-form solution, but it
can be computed using a simple bisection search pro-
posed in [40].

(3) Precoder design at the BS: When W and G are fixed,
the optimization problem (7) can be reformulated as the
following convex quadratic optimization problem for the
precoder T:

mTin Tr(NSTHAGTNg) + 2R{Tr(BIT)} + co

s.t. Tr(NHTHA TN + 2R{TrBY ' T)} +-¢; <0,
Tr(NYTH AL TN, ) + 2R {Tr(BET)} + ¢, <0, (14)
where the corresponding parameters are defined as
Ao = HERWHHEMGHGHRMWHBR- A1 = l,

A, = HY,W'WH,

Bl = —GHzyWHp;, B; =B, =0,

No=N; =Ny =1,

co = Tr(R, WHHE, G GHgyy W) + Tr(I;) + Tr(GRyGH)),

c1=—Ps, c; =Tr(WR,W")—P,. (15)

Notice that the objective function and the constraints are
of the same form. Using the property Tr(AB)=vect
(AM)vec(B) and the property of Kronecker product, we
can write (I=0,1,2)
Tr(NSTHATN) = Tr(NPTHAT2A) /2 TN))

=vecH (A}/ 2TN,)vec(A,1/ 2TN))

= vec(M(N} ® A]'*)(N] ® A]/*)vec(),

(16)
where the first equality is based on the fact that A;’s are
positive semidefinite matrices. Furthermore, we can also
write Tr(B['T) = vecH(B}')vec(T). Putting these two results
into (14) and introducing an auxiliary variable t [41], the

problem (14) is equivalent to the following optimization
problem:

min ¢
Tt
s.t. vec!(M(NG @ AY2)(ND @ A)/*)vec(T)
< t—2R{vec" (Bl vec(T)}
vec!(T)(N¥ @ AY/?)(N] ® Al/*)vec(T)
< —c;—2R{vec(B)vec(T)}
vec'(T)(N3 @ AY/%)(N] @ A)/?*)vec(T)
< —c;—2R{vec"(BY)vec(T)}. 17

Since ¢y does not affect the optimization problem, it has
been neglected in (17).

With the Schur complement lemma [45], the optimi-
zation problem (17) can be further reformulated as the
following semidefinite programming (SDP) problem [41]:

o
| (NE ® Aé/ 2)vec(T)
((N§ ® Ay*wec(D)!  —2R{vecH(By)vec(T)) +t} ”
I (N,T ® A,l/ 2)vec(T)
(N] ® A]*vecT)!  —2R{vecH (B,)veC(T)}C,}

1=1,2. (18)

The precoder at the BS can then be designed by solving
this SDP problem using standard numerical algorithms
such as interior-point polynomial algorithms [39,41].
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2.3. Summary and initialization

In summary, the downlink beamforming matrices are
computed iteratively. Since in each iteration, the MSE
monotonically decreases, the iterative algorithm is guar-
anteed to converge to at least a local optimum. For
initialization, identity matrices can be chosen as initial
values due to its simplicity and better performance
compared to randomly generated initial matrices
[30,31,36]. Alternatively, we can use a suboptimal design
as initialization. Specifically, the downlink dual-hop AF
MIMO relay cellular network is regarded as a combination
of conventional point-to-point MIMO system in the first
hop and multiuser MIMO downlink system in the second
hop. The beamformers at two hops are designed indepen-
dently. In other words, for the first hop, the linear
minimum mean-square-error (LMMSE) precoder T at BS
and equalizer W, at relay station can be jointly designed
using the point-to-point water-filling solution given in
[29]. For the second hop, the precoder W, at relay station
and equalizer G at mobile terminals can be designed using
the beamforming algorithm for multiuser MIMO systems
proposed in [20]. Based on the results of W; and W, the
initial value of the forwarding matrix at relay station is
chosen as to W=W;W,. We refer this suboptimal algo-
rithm as ‘separate LMMSE transceiver design’. It will be
shown in Simulation section that the convergence speed
using the second initialization is better than that of the
first one. Finally, the iterative design procedure is for-
mally given by

Algorithm 1. With initial G°, W° and T°, the algorithm
proceeds iteratively and in each iteration:

(1) G is updated using (9);
(2) W is updated using (13);
(3) T is updated by solving (18).

The algorithm stops when IMSEL—MSEL !l < 7, where
MSE{D is the total MSE in the Ith iteration and 7p is a
threshold value. Notice that in each step of updating one
matrix, the other two matrices are kept fixed.

3. Uplink beamforming design
3.1. System model and analogy with downlink design

In this section we will focus on beamforming matrices
design for uplink, as shown in Fig. 2b. In uplink, there are
L, data streams to be transmitted from the kth mobile
terminal to the BS, and the signal from the kth mobile
terminal is denoted as s;. Without loss of generality, it is
assumed that the transmitted data streams are indepen-
dent: [E{skst}:OLk,L] when k+#j and E{s,sf}=1,,. At the
kth mobile terminal, the transmit signal s, is multiplied
by a precoder matrix P, under a power constraint
Tr(PkP?) <Py, where P is the maximum transmit
power at the kth mobile terminal. The received signal x
at the relay station is the superposition of signals from
different terminals through different channels and is

given by
X = HygrPs+n, (19)

where Hyr2[Hug1 - Hugg], P2diag{[Py,...,Pg]}, s
[s] --- spI', with Hpg, being the Ng x Ny, channel
matrix between the kth mobile terminal and relay station,
and n is the additive Gaussian noise at the relay station
with zero mean and covariance matrix Ry. Since the data
transmitted from different mobile terminals are indepen-
dent, the correlation matrix of x equals to

Rx = HyrPP"Hyr +Ra. (20)

At the relay station, the received signal x is multiplied
with a linear forwarding matrix F, with a power con-
straint Tr(FRxFH) < P,, where P, is the maximum transmit
power at the relay station. Finally, the received signal at
the BS is

y = HrgFHygPs +HggFn + ¢, 21)

where Hgp is the Np x N;x channel matrix between the
relay station and BS, and ¢ is the additive zero mean
Gaussian noise with covariance Re.

When a linear equalizer B is adopted at the BS, the
total MSE of the detected data is

MSEy(B,F,P) = E{IIBy—s|}
= Tr(B(HrsFR<F"HE; -+ R)B")—Tr(BHrsFHyRP)

~Tr((BHrsFHMrP)!) +Tr(Ip), 22)

where L= "X _ L, is the total number of data streams.
Finally, the optimization problem for beamforming
matrices design in the uplink case is formulated as

{;nFlg MSEy(B,F,P)

st.  TrP Py <Py, k=1,... K,
Tr(FRF) < P,
P= dlag{[P1 . ,PK]}. (23)

Comparing (23) with the downlink problem (7), it can be
seen that the two problems are in the same form, except
that (i) there are individual constraints on P, in (23)
instead of a sum constraint on the corresponding Ty in (7)
and (ii) the diagonal structure constraint is on precoder
instead of equalizer. However we can still employ the
iterative algorithm developed in the previous section for
this uplink beamforming design problem. More specifi-
cally, for equalizer design of B, the problem is an uncon-
strained convex optimization problem and the optimal
solution can be computed from the derivative of the
objective function. For forwarding matrix design of F,
the problem is a convex quadratic optimization problem
with only one constraint. In this case, the optimal solution
can be solved based on KKT conditions. Finally, for
precoder design of P, the problem is a convex quadratic
optimization with multiple constraints, which can also be
transformed into a standard SDP problem. Notice that a
SDP problem can handle any number of linear matrix
inequality constraints and the diagonal structure of P
does not affect the SDP problem.

Although the optimization problem (23) can be solved
using the proposed iterative algorithm alternating among
the three variables B, F and P, this solution provides little
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insight into the nature of the problem. Furthermore, in
each iteration, three matrices need to be computed and
bisection search is required for the computation of the
forwarding matrix at the relay, resulting in high compu-
tational complexity. Below we will propose a beamform-
ing design algorithm with lower complexity for the fully
loaded or overloaded uplink. The solution is also found to
be insightful and includes several existing algorithms
for conventional AF MIMO relay or multiuser MIMO as
special cases.

3.2. Uplink beamforming design

First, we reduce the number of variables of the opti-
mization problem. Noticing that there is no constraint on
B, the optimal B satisfies &MSEy(B,F,P)/B* =0, y,, and
the optimal equalizer at the BS can be written as a
function of forwarding matrix and precoder matrices.
Therefore

B = (HgsFHyrP)" (HzsFRyFHE, JrR¢)71 . (24)
Substituting this result into (22), the uplink MSE is
simplified as
MSEy(F,P) = Tr(I,)—Tr((Hzs FHyzP)" (Hrs FRF HE;
+R;) ! (HrsFHyRP)). (25)

Based on the definition of Ry = HyxPP"HL , + Ry, it can
be expressed as
Rx =RV (R, /?HyzPPPHIR, T2 + DRY/2. (26)

)

Now introducing F = FR}/2Z!/2, the MSE (25) becomes
MSEy(F,P) = Tr(I,)—Tr((HzsFE~ />R /2 Hy s P)!
~~H & _
x(HrsFF Hiz +Re) " (HrsFE /2R, /* HyzP)).
(27)

Thus the uplink beamforming design optimization pro-
blem (23) is rewritten as

min MSEy(E,P)
F.P
st. Tr(P P <P, k=1,... K,

TrEE) <Py,
P= d1ag{[P1 s ,PK]}. (28)

Notice that F is a function of F and P as F = FR}/>Z'/. For
the optimization problem (28), the variables in the
objective function are only F and P. Furthermore, for
any given F and P, we can directly reconstruct a unique
F satisfying the constraints. Therefore, the constraint
between F and F and P, i.e., F = FRY2E!/2, can be ignored
in the optimization problem (28).

Unfortunately, the optimization problem (28) is still
nonconvex for F and P, and thus there is no closed-form
solution. However, notice that if either F or P is fixed, the
optimization problem is convex with respect to the remain-
ing variable. Therefore, an iterative algorithm which designs
F and P alternatively is proposed as follows.

(1) Design F when P is fixed: From (27), it is noticed that
F appears both inside and outside of the inverse opera-
tion. In order to simplify the objective function, we use

the following variant of matrix inversion lemma:
ctect +py'c=1-(c'D'c+ 1. (29)

Taking C=HgF and D =R¢, the MSE (27) can be refor-
mulated as [40]

MSEy(F,P) = Tr(E~/*R, *HyzP)E "' *R, *HyzP)"
«(F"HER; 'HygF +1 ")
+Tr((P"HyjeR, 'HygP+D 7). (30)

Now, F only appears inside the matrix inverse. If P is
fixed, the last term of (30) is independent of F, and the
optimization problem (28) becomes

min Tr(E"’R;?HyzP)(E"*R;/2HyzP)!
F

40
~H _ ~ _
(F HiR; 'Hpg F+D71)
N ———’

M

st Tr(EE") <P, 31)

Based on eigen-decompositions of @ = U@A@Ug and
M = Uy ApUL, and defining

A; 2UHFUg, (32)
the optimization problem (31) can be simplified as

n}iﬁn Tr(Ae(Af AmA; +D71)

st. Tr(AsAf) <P;. (33)

Without loss of generality, the diagonal elements of Ag

and Ay are assumed to be arranged in decreasing order.

The closed-form solution of (33) can be shown to be [40]
12

1 oa-12512 -1\ T
Ap= K«/WAM Ao _AM> } et | 3a)

On,—1L ON,—1Np—L

where Ag and Ay are the L x L principal submatrices of
Ae and Ay, respectively. The scalar y; is the Lagrange

multiplier which makes Tr(Ag AE‘) = P, hold. Based on (32)
and (34), the optimal F can be recovered as

1 4172
~—1/2~1/2 ~-1
(—AM Ag —AM> ] ug,. (35)

vV

where Uy, and Ug; are the first L columns of Uy and
Ug, respectively. Finally, the optimal F is given by F=
F= 'R,

l:‘ :UM,L

(2) Design P when F is fixed: Since Z in (27) depends on
P, the MSE expression in (27) is a complicated function of
P, direct optimization of P seems intractable. However,
based on the property of trace operator Tr(DC) = Tr(CD),
the total MSE (27) can be reformulated as [44]

MSE y(F,P) = Tr(I,)—Tr((HgsF)" (HsFE" HE, + R)~!
xHggF)(E™V?R;?HyzPPMHIR, 12 E71/2))

= Tr(I)~Tr(HgsF)" (HgsFE" iy
+Re) HygF)(Iy, —E 7). (36)
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Substituting the definition of E into (36), the MSE can be
further rewritten as

_— o~ o ~~H ~
MSEy(F,P) = Tr((HgsF)" (HrsFF Hi; +R:) ™! (HgsF)

A0
xRy HyrPPHERR, V2 + 1y,
+Tr(l)—Tr((HgsF) (HegFE HY, -+ Ro) ™! (HisE)),
37)

where P only appears inside of the inverse operation. As
the last two terms of (37) are independent of P, the
optimization problem for P is equivalent to

min Tr(lI(R, 2Hyz PP HE R, V2 1y ) 1)
st. TrPPH <P, k=1,..., K,
P =diag{[Py, ...,Pk]}. (38)
With the definitions of Hyz and P

K
HyrPP ' Hy = > {(Hyg PPy Hyjg i) (39
k=1 -
£Qg

For a fully or over loaded uplink, i.e., Ny <L, putting
(39) into (38) reduces the optimization problem as

k=1
st. Tr(Qp <Psp, k=1,... K,

Q0. (40)
Using the Schur-complement lemma [45], the optimiza-

tion problem (40) can be further formulated as a standard
SDP optimization problem [44]

min Tr(X
o (X)

K
min Tr(H(R.,”2 Z{HMR,kaHA“m}Rn”Z+1~R>1)
k

X 2
S RH]/ZZ,:{HMR,kaH[P\{/zR,k}R;]/Z +y, | 70
K

Tr(Qy) <Psy, k=1,....K,

It then can be efficiently solved using interior-point
polynomial algorithms [39].

In summary, when Ny, <Ly, ie, the uplink system is
fully or over loaded, the beamforming design alternates
between the design of F in (35) and Q, in (41). The
algorithm stops when IIMSE,,—MSE};" !l < 7y, where MSE},
is the total MSE in the Ith iteration and 7 is a threshold
value. After convergence, P, =Q,’*, F=FZ ?R,;"? and
B = (HrsFHyrP)! (Hrs FR<F'HE; +R;) 1. We refer the algo-
rithm in this section as Algorithm 2.

Remark 1. In case Ny > L, there is an additional con-
straint Rank{Q,} <N in (40). In this case, as rank con-
straints are nonconvex, transition from (40) to (41)
involves a relaxation on the rank constraint. Then the
objective function of (41) is a lower bound of that of (40).
However, this problem seems to be common to all
multiuser MIMO uplink beamforming [33,35].Notice that
when Ny, <L (fully loaded or overloaded MIMO systems
[42,43]), there is no relaxation involved.

Remark 2. The proposed iterative algorithm in this sec-
tion promises lower complexity compared with that in
the previous section, as there are only two variables F and
P to be solved instead of three. Furthermore, F has a
closed-form solution without the need of bisection search
for the Lagrange multiplier.

3.3. Special cases

Notice that (35) has a more general form than the
water-filling solution in traditional point-to-point MIMO
systems. On the other hand, (41) is a SDP problem
frequently encountered in multiuser MIMO systems. In
particular, they include the following existing algorithms
as special cases:

e IfHgg =1I; and R =0;;, we have IT=1; in (40), and the
SDP optimization problem (41) reduces to that of the
uplink multiuser MIMO systems [33,35]. Therefore,
they have the same solution.

e Substituting K=1 and P=1;, into (35), the optimal
solution reduces to that proposed for joint design of
relay forwarding matrix and destination equalizer in
AF MIMO relay systems without source precoder in [3].

e When there is only one mobile terminal (K=1), the
optimization problem (38) is in the same form as (31).
Defining H)\]leR;1HMR = UMRAMRUER- and I1= UHAHUII-—II,
a closed-form solution can be derived using the same
procedure as for F, and we have

’ +41/2
P:UMR,LK\//TPAM}{ZA}{z_AML) } , 42)
where Ayg and A are the L x L principal submatrices
of Ayr and Ay, respectively, and the matrix Uy is the
first L columns of Upg. The scalar p, is the Lagrange
multiplier which makes Tr(PP") = P, ; hold. In this case,
the solution given by (42) corresponds to the source
precoder design for AF MIMO relay systems with single
user [5].

o Furthermore, substituting Hgg=1I; and R;=0;; into
(42), the proposed solution becomes the closed-form
solution for LMMSE transceiver design in point-to-
point MIMO systems [29].

4. Simulation results and discussions

In this section, we investigate the performance of the
proposed algorithms for downlink and uplink. In the
simulations, there is one BS, one relay station and two
mobile terminals. For each mobile terminal, two indepen-
dent data streams will be transmitted in the uplink (or
received in the downlink) simultaneously. For each data
stream, 10000 independent QPSK symbols are trans-
mitted. The elements of MIMO channels between BS and
relay station and between relay station and mobile
terminals are generated as independent complex Gaus-
sian random variables with zero mean and unit variance.
Each point in the following figures is an average of 500
independent channel realizations. In order to solve SDP
problems, the widely used optimization Matlab toolbox
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CVX is adopted [48]. The thresholds for terminating the
iterative algorithms are set at 7p =7y = 0.0001.

The downlink performance is first investigated. In the
downlink, the noise covariance matrices at relay station and
mobile terminals are R,=o7ly, and Ry, =Ry, =0}ly,,
respectively. We define the first hop SNR at the relay station
as Ps /o*f,, and the second hop SNR at mobile terminals as
P;/o2. Fig. 3 shows the convergence behavior of the
proposed Algorithm 1 for downlink with different second
hop SNR at mobile terminals when Ng=4, Ny=4, Ny, = 2.
Both initializations with identity matrices and the separate
LMMSE design are simulated. Notice that in each step of
obtaining one matrix in the iterative algorithm, the other
two matrices are kept fixed. It can be seen that the proposed
algorithm converges quickly, within 20 iterations. Further-
more, the convergence speed with separate LMMSE design
as initialization is faster than that with identity matrices. It
can also be seen that the two initializations result in the
same MSE after convergence.

Fig. 4 compares the total data MSEs of the proposed
Algorithm 1 and several suboptimal algorithms versus the
first hop SNR PS/G%. The second hop SNR at mobile
terminals is fixed to be 20 dB. The number of antennas
is set as Ng=4, Ng=4 and Ny, =2. The suboptimal
algorithms under consideration are

e Equalization at mobile terminals only, in which the
precoder T at BS and forwarding matrix W at relay are
proportional to identity matrices. At mobile terminals,
LMMSE equalizer for the combined first hop and second
hop channel is adopted to recover the signal [3].

e Equalization at both relay and mobile terminals, in
which the first hop channel is equalized at the relay
and then the second hop channel is equalized at
mobile terminals, both following LMMSE criterion.

e Separate LMMSE design for two hops, which is the
algorithm proposed for initialization of Algorithm 1.

10° T . . . . . . . T
—©— Initialization is identity matrices
-O- Initialization is sperate LMMSE design

P_/o?=10dB and P /6% = 20dB
s n roov

MSE

Iteration number

Fig. 3. The convergence behavior of the proposed Algorithm 1 when
Npg=4, Ng=4 and Ny, =2 with two users.

10° . : : T T

MSE

-+ Equalization at terminals only
Equalization at both relay and
mobile terminals
Separate LMMSE transceiver
design for two hops

—O— The proposed Algorithm 1

0 5 10 15 20 25 30
P /o? (dB)
s m

Fig. 4. Total MSEs of detected data of the proposed Algorithm 1 and
suboptimal algorithms, when Ny=4, Ng=4, Ny, =2 and P;/¢% =20 dB.

From Fig. 4, it can be seen that as there is no precoder
design at BS for the first two suboptimal algorithms, the
data streams at different terminals cannot be efficiently
separated by linear equalizers, resulting in poor perfor-
mances. The separate LMMSE transceiver design has a
much better performance. On the other hand, the pro-
posed Algorithm 1 has the best performance among the
four algorithms. The gap between the MSEs of the
separate LMMSE design and that of Algorithm 1 is the
performance gain obtained by additional iterations. In
other words, Algorithm 1 offers better performance with
higher complexity, comparing with the separate LMMSE
design. Specifically, there exists certain tradeoff between
performance and complexity in these two algorithms.

As the proposed Algorithm 1 involves a computational
expensive SDP for the precoder T design, it is of great
interest to investigate how much degradation would
result from skipping the precoder design. Fig. 5 compares
the total data MSEs of the proposed Algorithm 1 and the
same algorithm but fixing the precoder Tocl. The second
hop SNR at mobile terminals Pr/aﬁ is fixed to be 20 dB.
From Fig. 5, it can be seen that a properly designed
precoder significantly improves the system performance
when the first hop SNR is high. Without the precoder, the
data MSEs exhibit error floors at much lower Ps/a%. On
the other hand, we can also see that increasing the
number of antennas at the relay station greatly improves
the system performance, as it simultaneously increases
the diversity gain of the two hops.

Now, let us turn to the results in the uplink. In uplink
case, the noise covariance matrices at relay station and BS
are Ry = 02ly, and R = G%INB, respectively. We define the
first hop SNR at the relay station as Ps/02, where
Ps= >K_, P, The second hop SNR at the BS is defined
as Py/a?.

Fig. 6 shows the convergence behavior of the proposed
Algorithm 2 for uplink when Ng=4, Ny=4 and Ny, =2.
Notice that in this case, at each mobile terminal the
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10° - r r T .

—&— The proposed Algorithm 1 without precoder design
g —O— The proposed Algorithm 1

2
P_/c? (dB)

Fig. 5. Total MSEs of detected data of the proposed Algorithm 1 with
and without precoder design.

10° r r r r r r T T T

—6— P, /o2 = 10dB and P, /o, = 20dB

—5— P, /2 = 20dB and P, /o? = 20dB

MSE

Iteration number

Fig. 6. The convergence behavior of Algorithm 2 for uplink when Nz=4,
Ng=4 and Ny =2.

number of antennas equals to that of the data streams,
and Algorithm 2 involves no relaxation. Identity matrices
are chosen for initialization. It can be seen that Algorithm
2 converges very fast, indicating its superior performance.

Fig. 7 shows the total data MSEs of the proposed
Algorithm 2 and suboptimal algorithms, when Nz=4,
Ng=4, Ny, =2 and the SNR at relay station Ps/a? is fixed
to be 20 dB. The suboptimal algorithms are similar to
those for the downlink. In particular, we consider

e Equalization of the equivalent two-hop channel is
applied only at the BS.

o Equalization is applied at relay station for the mobile-to-
relay channel, and also at BS for the relay-to-BS channel.

10° r T T T T
++ Equalization at BS only

Equalization at both relay
station and BS

Separate LMMSE transceiver
design for two hops
—©— The proposed Algorithm 2

+ —a

MSE

0 5 10 15 20 25 30
F’r/(sg (dB)

Fig. 7. Total MSEs of detected data of Algorithm 2 and suboptimal
algorithms, when Np=4, Nr=4, Ny, =2 and Ps/g2 =20 dB.

o Separate LMMSE design. The first hop is considered as
a traditional multiuser MIMO uplink system, and the
beamforming matrices are designed using the algo-
rithms in [31,33]. The second hop is considered as a
point-to-point MIMO system, and the beamforming
matrices are designed using the result in [29].

From Fig. 7, it can be seen that the performance of the
proposed Algorithm 2 is better than that of the other
suboptimal algorithms. However, as the signals from
different terminals are cooperatively detected at BS, the
gaps between the performance of the suboptimal algo-
rithms from that of Algorithm 2 are much smaller
compared to their counterparts in downlink.

When Ly <Ny, in the uplink, strictly speaking, Algo-
rithm 2 involves a relaxation, and its performance is not
guaranteed. However, a simple variation of Algorithm 1
can be used for beamforming design in this case. Fig. 8
shows the total data MSEs of Algorithm 1 for uplink and
Algorithm 2 with rank relaxation, when L,=2 and
Ny =4. The SNR at BS is fixed at Pr/a§ =20 dB. The joint
design of relay forwarding matrix and destination equal-
izer in [3] is also shown for comparison. It can be viewed
as a design without source precoders at mobile terminals.
From Fig. 8, it can be seen that Algorithms 1 and 2, which
involve the joint design of precoder, forwarding matrix
and equalizer, perform better than the algorithm in [3].
This indicates the importance of source precoder design in
AF relay cellular networks. Furthermore, although Algo-
rithm 2 involves a relaxation, its performance is still
satisfactory and is close to that of Algorithm 1. Finally, it
can also be concluded that increasing the number of
antennas at relay station can greatly improve the perfor-
mance of uplink beamforming design for all algorithms.

5. Conclusions

In this paper, LMMSE beamforming design for amplify-
and-forward MIMO relay cellular networks has been
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=8 Algorithm by Guan
=7~ The proposed Algorithm 2
—O— The proposed Algorithm 1

0 2 4 6 8 10 12 14 16 18 20
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Fig. 8. Total MSEs of the detected data of the Algorithms 1 and 2 with
relaxation and the algorithm proposed in [3].

investigated. Both uplink and downlink cases were con-
sidered. In the downlink, precoder at base station, for-
warding matrix at relay station and equalizers at mobile
terminals were jointly designed by an iterative algorithm.
On the other hand, in the uplink case, we demonstrated
that in general the beamforming design problem can be
solved by an iterative algorithm with the same structure
as in the downlink case. Furthermore, for the fully loaded
or overloaded uplink systems, a novel beamforming
design algorithm with lower complexity was derived
and it includes several existing algorithms for conven-
tional point-to-point or multiuser systems as special
cases. Finally, simulation results have corroborated the
performance advantage of the proposed algorithms over
several suboptimal schemes.
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