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Low-Complexity Feedforward Symbol
Timing Estimator Using Conditional
Maximum-Likelihood Principle

Yik-Chung Wu and Erchin Serpedin

Abstract—A low complexity feedforward symbol-timing esti-
mator based on the conditional maximum-likelihood principle
is proposed. An approximation is applied to the Fourier series
expansion of the conditional maximum-likelihood function such
that implementation complexity is greatly reduced. It is shown
that the proposed estimator can be viewed as a generalization
of the well-known square nonlinearity estimator proposed by
QOerder and Meyr in 1988. Simulation results show that the
performance of the proposed estimator is very close to the condi-
tional Cramer—-Rao bound and is better than that of the square
nonlinearity estimator.

Index Terms—Estimator, maximum likelihood, timing delay.

I. INTRODUCTION

HE SYMBOL timing estimation problem in [1] is for-

mulated in matrix form and solved using the Conditional
Maximum Likelihood (CML) principle. Specifically, the com-
plex envelope of a received linear modulation is given by

r(t) = eje"Zd,;g(t—iT—eaT) + n(t) (1)

where 6, is the unknown phase offset; d; is the complex valued
symbol being sent; g(t) is the transmit pulse shape with unit
energy, and is assumed to be a square-root raised cosine filter
with roll-off factor a; T is the symbol period; £, € [0,1] is
the unknown symbol timing delay to be estimated; and n(t) is
the complex-valued circularly distributed white Gaussian noise
with power density N,. The received signal is filtered by an
anti-aliasing filter and then sampled at rate 1/T5, where T 2
T/Q. The received vector r, which consists of L,Q consecu-
tive received samples (where L, is the observation length), can
be expressed as (without loss of generality, we consider the re-
ceived sequence start at t = 0)

r=[r(0)r(Ty) ... 7(LeQ — DT)]" = A., dy+1n (2
with

A. Ela_r(e)a—rti(e) - an,41-1(c)] ©)
£[g(—iT — €T) g(Ts — iT — €T)
o g(LoQ — )Ty — 4T — T))" (@)
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d, 2% [d_pd 41 ... dp,yr-1]F ©)
n 2[n(0) n(T,) ... n((L,Q — 1)T3)]7. (6)

In the above expressions!, L is the number of symbols affected
by the Inter-Symbol Interference (ISI) introduced by one side
of g(t).

The joint maximum likelihood estimates of ¢, and d, are
obtained by maximizing (e and d are trial values for the timing
delay and the data vector, respectively)

1 (r—A.d)?(r-A.d)
p(rle,d) = WGXP - N
or equivalently, by minimizing
J(rle,d) = (r — A.d)(r — A.d). )

In the CML approach, the nuisance parameters d are modeled as
deterministic and estimated from the received vector r. From the
linear signal model given in (2), the minimum variance unbiased
estimate for d (when ¢ is fixed) is [2]

d=(AYA)"TAHy, ®)

Plugging (8) into (7), after some straightforward manipulations
and dropping the terms irrelevant to optimization, the timing
delay is estimated by maximizing the CML function [1]

Ae) =r#A_(AFA )" Ay, )

In general, the maximum of the CML function can be found
by plugging different values of ¢ into (9). The value that pro-
vides the maximum value of A(e) is the CML estimate. Since
€ 18 a continuous variable, this exhaustive search method re-
quires a lot of computations and is impractical. Alternatively, a
timing error detector (TED) [1] can be used in a feedback con-
figuration. However, in burst mode transmissions, a feedforward
timing delay estimator [3]-[5], [8], is preferred since feedback
synchronizers usually require a relatively long acquisition time.
In this letter, a new method for optimizing (9) is proposed so that
a low complexity feedforward symbol-timing estimator results.

II. PROPOSED ESTIMATOR

Suppose we calculated K uniformly spaced values of
A(e) using (9) such that a sequence A(k) = A(k/K) for

Notation x”" stands for the transpose of x, and x"’ denotes the transpose
conjugate of x.
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k=0,1,..., K —1is obtained (without loss of generality, we
only consider K is even). Let construct a periodic sequence
A(m) by periodically extending A(k). Further, denote A(e) as
the continuous and periodic function with its samples given by
A(m). According to sampling theorem, as long as the sampling
frequency K is higher than twice the highest frequency of A(E) ,
then A(e) can be represented by its samples ]\(Nm) without

loss of information. Being a periodic function, A(e) can be
represented in terms of its Fourier series expansion:

Ale) = Z A, el?mPe

(10)
p=—00
where
1 ~ .
A, = / A(e)e™ 92 e
Jo

IS —j2npk/K K K

= ?kgoAUg)ejﬂp r P=7%00 % (11
0, otherwise

and (11) follows from the standard relationship between the dis-
crete Fourier transform (DFT) and the Fourier series expansion
of a periodic sequence. From (10), it can be seen that once the
coefficients A, are determined, ]\(5) can be calculated for any
e € [0, 1]. Then the problem of maximizing (9) can now be re-
placed by maximizing (10). For efficient implementation, /N\(a)
for 0 < & < 1 can be approximated by a K’-point sequence,
denoted as A(k’) for 0 < k' < K’ — 1, by zero padding the
high frequencies coefficients of A, and performing a K’-point
inverse DFT. For a sufficiently large value of K’, A(k’) becomes
very close to A(e) for 0 < ¢ < 1, and the index with the max-
imum amplitude can be viewed as an estimate of the unknown
timing parameter ¢,.

To avoid the complexity in performing the K’-point IDFT, an
approximation is applied to (10). More precisely, extensive sim-
ulations show that it is sufficient to approximate (10) as follows:

Ae) ~ Ag + 2Re{A167™},  for0<e<1 (12
where Re{z} stands for real part of x. In order to maximize

A(e), we notice
arg(A;) = —2me

where arg(xz) denotes the phase of x. Or, equivalently

1 K—1
o —j2mk/K
= Zﬂarg{kz_;)A(k)ej }

The estimated delay ¢ is the normalized time difference (with re-
spect to T') between the first sample of the received vector r and
the nearest optimum sampling instant. The calculation within
the arg(.) operation is actually the 2nd output of a K -point DFT
of the sequence A(k) (or the Fourier coefficient at symbol rate
f=1/T7).

The proposed estimator in (13) only involves the calculation
of K samples of the CML function using (9), a K-point DFT,
and an arg(.) operation. From the simulation results to be
presented, it is found that K = 4 is sufficient to yield good

13)

estimates in practical applications.? Therefore, the 4-point DFT
in (13) can be computed easily without any multiplications.
The main complexity comes from the calculation of the 4
samples of A(e) using (9). However, notice that the matrix
A_(AFA_)~'AH can be pre-computed for ¢ = k/4 with
0 < k < 3. This greatly reduces the arithmetic complexity
of implementation. Complexity can be further reduced by
approximating the pre-computed A.(AZA.)7!AH using
Sum-of-Power-of-Two (SOPOT) expressions [6], [7].

III. LINK WITH THE SQUARE NONLINEARITY ESTIMATOR

In this section, we will show that the proposed estimator in
(13) can be viewed as a generalization of the square nonlin-
earity estimator [8]. First consider the (7, j)" elementof AZ A,
(G,j=—-L,—L+1,....,L,+L—-1)

L,Q—1
(AL = Y g(nly =il = eT)g(nT, — jT - <T)
n=0
= > g(nT, —iT —eT)g(nT; — jT — <T)
- ZE(”?J)
=0i; — 2:(3,7)
where z:(i,j) £ 32, o wsp. 9(nTs —iT = eT)g(nTs — §T —
eT), and 0i; = 1if 4 = 4 and zero, otherwise. Therefore,

with the matrix inversion lemma, (A A )~! = (I-Z.)~!

(1> 1l

I— (I-2Z:")"!, where I is the identity matrix and [Z.];;
z-(1, 7). Plugging this result into (9), it follows that
Ale) = [[AHe|? —cPA (T-Z7")'A . (14)
Now consider the i*" element of A r, where (i = —L, — L+
1., Ly+L—1)
LoQ—1
[Afr]; = g(nTs —iT — eT)r(nTy)
n=0
= > g((i+e)T —nTyr(nly). (15

n

—00

The last equality holds if #(nT}) is considered to be an infinite
length sequence with its values equal to zero for n < 0 and n >
L,.Itisrecognized that the summation in (15) is just the filtering
of #(t) = r(t)w(t), where w(t) is a rectangular window with
length L,T, by g(t) and then sampled at t = (i + )T If we
define z(t) 2 g(t) ® 7(t), where ® denotes convolution, we
have [AZr]; = z((i+¢)T). Plugging this result into (14) gives

! kT |2
A(k) = Z:O x <zT+7> +T'(k) (16)
with
-1 2 L,+L-1 2
kT kT
(k) 2 iT + — iT + —
(k) i_Z_L:v<L —I—K) + z; :I?<L +K>

P AT - 27T A k.

2Note that the minimium K for the proposed estimator in (13) to work is
K = 3,but i = 4 is preferred since 4-point DFT is more easily computed.
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Fig. 1. MSE for the proposed algorithm and the IDFT interpolation method

with K’ = 16, 128, 2048 for QPSK, Q@ = 2, K = 4, = 5, L, =
100, and L = 3.

Therefore, the proposed CML feedforward timing delay esti-
mator in (13) can be rewritten as

E=
1 KLo=1 /1 |2 K-1

_ L | —jenl/k —j2rk/K
5 18 IE_O x <K> e’ + ,;_0 T(k)e™

a7)

If the second term in the arg(.) operation is ignored and K = 4,
we have the well known squaring algorithm [8]. Note that only
@@ = 2 is required in the CML estimator while the original
squaring algorithm in [8] requires @ > 3.

Although the squaring estimator might be extended to work
at the sampling rate () = 2 by computing intermediate sam-
ples through interpolation before symbol timing estimation, the
simulation results presented in the next section show that the
proposed estimator outperforms the squaring algorithm.

IV. SIMULATION RESULTS AND DISCUSSIONS

Fig. 1 shows the mean square error (MSE) against E/N,
for the proposed algorithm in (13) and the IDFT interpolation
method with various K’. The conditional Cramer-Rao bound
(CRB) [1] is also shown as a reference. In the simulations, the
modulation is QPSK, @ = 0.5, Q = 2, K = 4, L, = 100
and L = 3. g, is uniformly distributed in the range [0, 1]. 6, is
generated as uniformly distributed random variable in the range
[, 7] and is constant in each estimation. Each point is ob-
tained by averaging 10* simulation runs. It can be seen that the
proposed algorithm (13) has a performance similar to that of
IDFT interpolation method with K’ = 2048. This justifies the
approximation in (12). Furthermore, the performance of the al-
gorithm (13) is very close to the conditional CRB. This means
that the estimator (13) almost reaches the ultimate performance
of the CML principle.
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Fig. 2. Comparison of the MSE for the proposed algorithm and the square
nonlinearity estimator with QPSK and L, = 100.

The performance of the estimator (13) and that of the square
nonlinearity estimator are compared in Fig. 2 for L, = 100. The
parameters used for the proposed estimator (13) are the same
as those adopted in Fig. 1. Note that ) = 4 is assumed for
the square nonlinearity estimator. It is apparent that while both
estimators have similar MSE performance at low E;/N,, the
estimator (13) has smaller MSE (reduced jitter) at high E/N,,.
It is the additional term in (17) that improve the performance of
the CML algorithm with respect to that of square nonlinearity
estimator.

V. CONCLUSIONS

A new and low complexity feedforward symbol-timing esti-
mator based on the conditional maximum likelihood principle
is proposed. The proposed estimator (13) can be viewed as a
generalization of the well-known square nonlinearity estimator
with performance close to the conditional CRB.
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