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« Applications require clock synchronization
— Event detection
— Data Fusion
— Sleep and wake-up cycle for power management
— TDD transmission schedule
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Node A clock

System mode|

e Clock model: ¢ (t)=at+6
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Node B clock

« Two-way message exchange is used

to establish the clock relationship _kd
between two nodes: .
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Pairwise Synchronization: Gaussian case !

e Synchronize node j to node i1 (assume node i is the

reference)

1 0,
— (t>)=c (tﬁ)+a—‘_+d +W,

J

* Approach 1: MLE
« Assume N rounds of time-stamp exchange, we have
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Log-likelihood function:
N Ju+di-T)
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0 is linear and can be easily estimated:
0(d) =(T"T,) T (t; +d1)

Put it back to the log-likelihood function, d can be
obtained by maximizing
A(d) =l oy — T, (T,-HT,-)‘lT,-HJ)(ti +d1) |

=P

Differentiating this function w.r.t. d and set it to zero:

1 1"Pt,+t'P1

2 1"P1

Finally, the clock parameters are recovered from
é; =1/[6(d)),,  6;=[6(d)],/[6(d)],

d=-
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Approach 2: Low complexity estimator

d appears in both system model equations, so we can
eliminate it by adding two equations

L e @) +c =6 M)+ )]+ 2 L +w., —w,
(oF aj

Putting the N rounds of message into a vector form:

Wi,l_le

/e, o . .
= : + : = t=T606+z
0,/a;

_Wi,N _Wj,N ]

The MLE for this equation is 8= (T,"T,)"T;"t,
This estimator is of lower complexity since there is no
need to compute d

But since we are not estimating the unknowns from the
original equations, there may be some loss in
performance



MSE of the clock offset (0 )
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« We have shown theoretically that the relative loss of the
performance bound of the low complexity estimator w.r.t.

to CRB is less than 1%



Pairwise synchronization under

exponential delays 21!

* Approach 1: MLE
* Reuvisit the message exchange equations:

0, 0.
Lo ) -c)-—L-d=w,,,  -—c,E)+c)+L-d=w,
a; a; l ; a; ’

* Ifw;, and w;, are I.i.d. exponential R.V.s, the likelihood
functlon is (with 3=1/a, \=6;l0y)

f ({Ci (tn)’cj (tn)’Cj (tn)’Ci (tn )}nzl | ﬂ"ﬁj ! 7/j ! d) =
A exp |36, )6, 0D, 20 466 o )

< TIB;¢;(t;) —c (t;) —»; —d = 01x | I[-B;c;(t;) +ci(t;)+ 7, —d = 0]xI[d > 0]



Closed-form estimate of X\ can be obtained by
differentiating the above equation w.r.t. x and set it to

Zero
Putting ] back into the likelihood function, we can show
that the MLE that maximizes the profile likelihood
UNCHONIS 15 5 07 —arg max 3[(c, () —c, ()5, + 2]

Biovipd

: {p;c;(t))—c(t)—r,—d=0};d >0
subject to . . .
{_ﬁjCj(tn)+Ci (tn)+7j —d >0},,;d =0
This is a linear programming problem, and can be solved

using existing solver, but the worst case complexity is at
least O(N?)

We have also proposed a low complexity algorithm for
solving this problem, and the worst case only takes O(N)
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Approach 2: Iterative weighted median
Add the two message exchange equations:
Bilc, (t2) +¢; (tr?}]—[g (t) + G ()] =27 =W, — W,

=Tr,n =T, N

w; , - W; ,becomes Laplacian R.V. with location parameter

N

O and scale parameter 1/x
The log-likelihood function is

i N
In f (T, T, s | B, 7)) =NIn > A T =BT, 0 +27, |
n=1

An estimate of 3; and ~; can be obtained by minimizing
the second term N
minZ|Ts,n _IBjTr,n +27/j |

ﬂjJ/j n=1
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* Now, consider two sub-problems
— When §; is fixed, the problem IS

m|n22|05(,3, ron ,n)_7j|

The solution is the median value of the sequence {O S5(B;T, ., — ,n)}:l:1

— When ~; Is fixed, the problem is
N
rry_n ZTr,n | (rs,n /Tr,n + 27/j)_18j |
I n=1

This is a weighted median problem for the data set { T (T, /T, +27/J)}N
Simple procedure exists to compute this

« Two steps are iteratively updated

« Since the objective function is convex, it will converge to
the global optimal solution
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Comparison
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 The main reason is that iterative
weighted median method adds the
two message exchange equations
together before estimation

« Thisis in contrast to Gaussian 10” % % %
setting where this operation does > 10 N 20 25
not lead to significant loss

MSE of the clock skew
o
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MSE of estimated clock offset ( ]30)

== Algorithm in [17]

=4— EMLLE in [8]
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I <
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Network-wide synchronization

 How to extend pairwise algorithm to work for network-
wide synchronization?

Tree based Clustered based
 Need overhead to build and maintain tree or cluster structure
« Error accumulation is quick as number of layers increases
* Vulnerable if gateway node dies
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Fully Distributed Algorithms

« Approach 1: Coordinate Descent 4]
« Add the two-way message exchange equations to first
eliminate d: i_[C,—(t§)+C,-(tﬁ)—ZH,-]—i[Ci(ti)+Ci(té‘)—26’i]=W,-,n—Wi,

J

n

« Assume each node perform N times two-way message
exchanges with each of its direct neighbors

NLL({e;, ‘9.}:\22’) x ZZ

n=1 i=1 jeN(i)
[1 s Lo )
[c;(t;) +c;(t)—20,]-—[c;(t,) + ¢ (L)) —26]
aj Q;

But this Is non-convex w.r.t. unknowns
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 With transformation g, =1/«a; and y; =6, /¢,

NLLEB, 7 h.) o ZZZ Bilc; (t) +c;(t, =27 - Ble () +c ()] -2y,

n=l i=1l jeX(i)

_-|-{I it _-|-{I it

* This Is convex w.r.t. 3, and v;, and we can alternatively
minimize this NLL

 Differentiating NLL w.r.t. 5; and set it to zero (also w.r.t ;),
we get two coupled iterative equations

~(m) _ (m) {i.j} {Jl} o(m)rr{i. i} {I i} {Jl} {Jl}
22[2 8B+ T U+ g2 TS T T

ﬂ"i(mﬂ) n=1 jeX(i) .
Z Z [(T{' J}) _|_(T{J i})2]

n=1 jex(i)

™ |N(|)|{Z S 4p(™ 4 fOMTEB L TUD] - O[T T n}]}

=1 jeN(i)

A(m+1)

7i
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» Approach 2: Belief Propagation Pl

* The two-way time-stamp message exchange eguation
(between node | and j) can be put into matrix form

Lo, @) +¢, (%)~ 26,1~ o (E) + ¢, (t) —26] = w; , —w,
aj Qi

L c.(t?)+c. (t}) -2 ] (o () +c (tY) -2
J(l) j(l) 1/05,- f:l(tl)+cl(t1) 2 1/0(i
= : —1:
xes . . 6./ a
G (tn) +Ci(ty) '2_ Win = Win

_Cj(tlsl)_'_cj(tlfl) '2_
= A;B,-A b=z

Marginalized posterior distribution at node i:
M M
g(B;) OCI_[H p(B;) H P(A; ;;A;; |B;,B;)dB,..dB; ,dB, ,...dB,
i=1 {i,j}eE
« Computational demanding, needs centralized processing

18



« EXxpress the joint posterior distribution using factor graph

— Factor node: local likelihood function fL : e
— 1N
— or prior distribution ARBOR RO
l A ~|‘I \ J23 -m/—Q |
fl,j = p(Ai,j’Aj,i |Bi’Bj) (By' fs r jlf I?; Iy ‘]‘4
Jso /_'\._ - _ ,/l'\k"\.‘ =/ N
= N(Aj,iBj | Ai,jBi , O-iz,jIN) W}\Bg/\}———.ns —\b/ l-fj iy by)
ol el e Ll M
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T fron Jon
i 1, .
— Variable node: (. W
« Marginal distribution at each node can be obtained by
message passing on factor graph: 7
— Message from variable node to factor node /H\ _
m® (1) o | £
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— Message from factor node to variable node:
-1)
—>fi; (BJ) fi,dej

— In each iteration, messages are updated
In parallel with the information from direct

(1
mf

ij !

(B,) = [ m

neighbouring nodes

— Each node computes the belief locally:

bOB)= T m"’ (B)

* As the likelihood function is Gaussian,
the messages involved in this algorithm

feB(B;)

keep the Gaussian form
mi(zfi,j B)~ NGB |v
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* In practice, each real node computes ,'/ i N
both kinds of messages T~ /Ig oy N
. Information passes between real nodes || f./\x\»-f g
is set as message from factor-to- P e
variable, and inherits the properties B S 7
— Still Gaussian. Only mean and covariance T'f” "‘,‘\’r E‘\{___ y
needed to be exchanged A SO e

— Updated in parallel by local computation
with received mean and covariance
messages from neighboring nodes

« The belief computed at node i, with the
received messages from all direct

neighbouring nodes, is still Gaussian: b®(g,) ~ A(g, |n®, P")

where 507t _ o T M _ pO M T 0
|:P| :l Z |:Cfi,j—>|:| o PI Z |:Cfi’j—>|:| Vfi’j—>|

jeN(i) jeN(i)
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The estimate at node iis " = [Bb® (B;)dp, =n”

The & and «; can be recovered from P, after
convergence

It is generally known that if the FG contains cycles,
messages can flow many times around the graph,
leading to the possibility of divergence of BP algorithm

Two properties:

BP in this application converges regardless of network
topology, even under asynchronous message update

The converged solution can also be proved to be equal
to the centralized ML solution

22



Comparison

Simulation setting: 25 nodes, d; €[8,12], 6,€[-5.5,5.5],
a;€[-0.955,1.055], o7 =0.1, 1000 topologies,
Initialization=[1, 0], N=10

300

250

2001

y—axis
'_1
o
(e

100

50F

130

18 R g FOC 5\
B "% {51 reference node

© 16

o @
N

25 2 ey
R O '

. . (‘) . ‘\
14

a7

50 100 150 200 250
X—axis

300

23



MSE of estimated clock offset (0)
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Distributed tracking with DKF [4]

« Clock parameters may stay constant within a short
period of time

« But it will change over time

« We can either redo synchronization (throwing away
previous estimates), or we can do tracking

 If the change is slow, tracking is preferred

« —— Thistermis due

ct)=at+0’+ \ﬁB(t) to phase noise

=0°+| B(r)dr B.(t) =, +/p,B()
Aft ing: : —
. er sampling:
Ci(l):ITO+Z[ﬂi(m)—l]ro+<9io+[,8i(l)—1]2'0

29 (1-1) ) 25
0




Writing the accumulated skew and offset in recursive
forms: A)=4(-1) +ﬁ[8l(l) -B( _1)1 Gaussian with zero
1) «— mean and variance 2p;
J() =31-D)+[4 () -1z
Clock parameter evolution model:

A0 [ o][a0-D] [u®)] [0
Lﬁ(l)Hro J{&(I—l) HETO {—rj

. J/ \ /

£x; (1) A, =b;

Measurement equations based on two-way message
exchange

T =T =29,(1)-28 () +Vv* 7
Gather all measurement equations for | € N(i)
Zi :éi,IXN(i)(I)-I_Vi (h

26



If all information is gathered in a single place, the optimal
solution is centralized KF

KF cannot be implemented in distributed way since the
Kalman gain matrix contains correlation among nodes

Solution: Impose a block diagonal structure on the
Kalman gain matrix:

X (b 1) =AX (L1 [1_1) +b;
%, 1) =% (O 11 )+ K ()@, —CiXy (e 1)
K( ) =argminTrP(l_|1,)

K ()

st. K(ly) = Z Ul K (L),

We can solve for K(l,) in closed form

Each round of tracking includes time-stamp exchange

and messages exchange for KF update
27



Prediction and Posterior RAMSE of tracked clock offset (1%)
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—— Proposed DKF algorithm with initial values based on CD-BS method (B=5)
—b— Proposed DKF algorithm with initial values based on CD-BS method (B=15)

— & — Bayesian CRLB with J51=C'RLB(K) in (49)

—*— Proposed DKF algorithm with initial values based on CD-BS method (B=25)||

| |
0 5 10 15 20
Kalman filter iterations

e |nitialization:

Prediction and Posterior RAMSE of tracked clock skew (3)

--{ —%— Proposed DKF algorithm with initial values based on CD-BS method (B=5) ||
-1 —#— Proposed DKF algorithm with initial values based on CD-BS method (B=15)
--1 —#— Proposed DKF algorithm with initial values based on CD-BS method (B=25)

-1 — & —Bayesian CRLB with J;=CRLB(x) in (49)

5 10 15 20 25
Kalman filter iterations

— x.(0]0)=[1 0], P(0|0)=5"1 but it takes a long time to converge
— CD + bootstrap for covariance estimation (5 rounds of initial

time-stamp exchange)
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Posterior RAMSE of tracked accumulated clock oftfset (1)

Posterior RAMSE of tracked clock skew (3)
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If a node fails during tracking, we simply remove it from the

If the node later resume working, we will use its previously stored

01 Asynchronous update
L S """"""" with packet loss probability 15%
. . 2 nodes failed at iteration 5 and
2 new nodes join at iteration 20
0.2 : : : 2 nodes failed at iteration 5 and
10 B 2"new nodes join the network resume working at iteration 20
: : . Bayesian CRLB with J '=CRLB(x)
in (49) (network with 23 nodes)
0.3 : : :
0\ Yy 2'|'16L|6_§'f{|i_| """""" T N Bayesian CRLB with .l;l=CRLB(.\'}
: : ~} f|5i|  nod : in (49) (network with 25 nodes)
: L Taped aACy - : ;
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Kalman filter iterations
« Start with 25 nodes (B=15)
[ J
equations
[ J
clock parameter estimates and covariance matrix
[ J

If a new node suddenly join in, we will use X;(0]0)=[1 0], P,(0[0)=5"I
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Distributed algorithm under
exponential delays [°]

* The pairwise LP problem can be easily extended to
network-wide setting:

[X,d]= argmngZ{,BZ(c (t3)—c; (t] ))+,BZ(c(t) ¢ (th) - 2Nd}

=1 jeX(i) n=1
Cj(tn)ﬂj _Ci(tn)ﬁi _7/j +7 _dij >0
subject tos —c, (t)) B, +¢,(t)) B +7;—»—d; =0 V(i,j)eE, n=1..,N
Ldij >0

« This is a LP problem, but very large in size

« Centralized solution is computational expensive and has
large communication overhead

30



« Challenge of solving this problem in a distributed way:
constraints are coupled for parameters at different nodes

* By introducing slack variables w and auxiliary replica
variables z, we can transform the problem to

arg min iafxi +§: Y (-2N)d; +I(d > 0)+ I(w > 0)

xawzi5 i=1 jeN(i)
s.t. By, =z, B0, =200,
dij12N :Zgi’j}’ Wi = Zii’j},
> 4aZ¢" =0 V(i j)eE

* This problem can be solved by ADMM (iteratively
minimizing the augmented Lagrangian function w.r.t. the
unknowns, X, d, w, z, and the Lagrange multipliers)

31



* Properties:

— The resultant algorithm only involves local computation at each
node and communications with its direct neighbors

— Closed-form expressions are available for each update step
— It will converge to the centralized ML solution

« Contrast to existing applications of ADMM:

— Direct application of ADMM to the original LP would not result in
distributed algorithm

— Most existing applications that result in distributed algorithms are
for Gaussian likelihood

— Most existing works consider a single (or a small set of) common
parameter

32



AMSE of estimated clock offset (6)
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« Simulation results on a 25
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« CD as initialization help to
speed up convergence
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Conclusions

We discussed clock synchronization in wireless sensor
networks

We started with pariwise synchronization: Gaussian case
and exponential case

Then we discussed network-wide synchronization: CD,
BP, ADMM

We also discussed tracking using distributed KF

Future works:

— BP based distributed algorithm for exponential delays?
— How about arbitrary distributed delays, asymmetric delays?
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