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ABSTRACT

Nonparametric regression using Gaussian Process (GP) mod-
els is a powerful but computationally demanding method.
While various approximation methods have been developed
to mitigate its computation complexity, few works have ad-
dressed the quality of the resulting approximations of the
target posterior. In this paper we start from a general belief
updating framework that can generate various approxima-
tions. We show that applying using composite likelihoods
yields computationally scalable approximations for both GP
learning and prediction. We then analyze the quality of the
approximation in terms of averaged prediction errors as well
as Kullback–Leibler (KL) divergences.

1. INTRODUCTION

Consider a general regression setting in which the output is
modeled as

y = f(x) + ε, (1)

where x is an inputs and output, f(·) is a unknown func-
tion, and ε is the random measurement error. The goal is to
model the unknown function f(·) and predict latent function
values, based on given input-output pairs. Gaussian Process
(GP) models [1] are commonly used to capture variations of
the nonlinear function in a nonparametric manner. GP-based
Bayesian inference provides a conceptually straight-forward
means of obtaining predictions along with credibility inter-
vals, and are therefore widely applied in machine learning,
time series analysis, spatial statistics, and control systems.

However, both GP learning and inference rely on evaluat-
ing the likelihood functions with available data. In case of a
large set of data, this evaluation becomes computational pro-
hibitive due to the requirement of inverting covariance matri-
ces, which takes complexity of O(N3), where N is the size
of training data. Thus GP learning and inference have been
considered as a non-scalable method and only applied to ap-
plications with data sets of mild sizes.
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Many research have been conducted to make GP-based
Bayesian inference scalable. Examples are: low rank approx-
imation of covariance matrices [2], sparse GPs [3], and prod-
uct of experts (or Bayesian committee machines) [4]. Many
methods rely on fast heuristic searches [5] for an optimal
subset of data or dimensions to maximize the information
gain, which has been proofed as a NP-complete problem and
therefore infeasible to apply for large datasets. In this pa-
per, we argue that approximate methods can be unified from
belief updating perspective by using different loss functions.
Among them, the composite likelihood method provides scal-
able computation and tractable impact on the posterior. We
present results of performance analysis for the proposed scal-
able GP-based Bayesian inference, in terms of both data aver-
aged mean square errors (MSE) and Kullback–Leibler (KL)
divergence.

1.1. Problem Formulation

We consider f(x) in (1) to be a latent variable modeled as a
Gaussian process GP(µ(x), σ(x,x′)) [1]. This model yields
a prior belief distribution p(z) over the latent variable at M
tests points:

z = [f(x?1), · · · , f(x?M )]> ∼ N (µz,Σz). (2)

The joint mean µz and covariance matrix Σz are functions
of the test points {x?1, . . . ,x?M}. Using a training data set
D =

{
(x1, y1), . . . , (xN , yN )

}
= {X,y}, our goal is to

update the belief distribution over z so as to produce a pre-
diction ẑ with a dispersion for uncertainty. In addition to
the model (2), we model εi in each sample from (1) as
εi ∼ N (0, σ2

ε) (i.i.d.). This specifies a conditional data
model p(y|z), that is Gaussian with mean µy|z and co-
variance Σy|z , from which the standard Bayesian inference
framework updates the belief distribution into the posterior
p(z|y) via Bayes’ rule. This update requires a matrix inver-
sion and is in general computed in O(N3) [3].

The inference of z depends, however, on a specified
mean and covariance model, which can be learned in several
ways. When it is parameterized by a vector θ, the maximum
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marginal likelihood approach is a popular learning approach
that aims to solve the problem

θ̂ = arg max
θ

∫
pθ(y|z)pθ(z)dz, (3)

which requires several matrix inversions in itself. Finally, the
posterior

pθ(z|y) =
pθ(y|z)pθ(z)

pθ(y)
(4)

is evaluated at θ = θ̂. Both (3) and (4) require a runtime on
the order O(N3) and a storage that scales as O(N2), which
renders standard GP training and inference infeasible for large
N . In this work, our goal is to firstly formulate an alter-
native update of the belief distribution, secondly provide a
scalable training and inference method and finally perform an
information-theoretic analysis on the performance of approx-
imation in terms of information loss and mean square error.

1.2. Updating Belief Distributions

The posterior can be thought of as a special case of updating
the belief distribution p(z) into a new distribution q(z) using
the data D. A more general belief updating framework was
formulated in cf. [6]. In this framework, we first define a
loss function `(y; z) and then find the distribution q(z) which
minimizes the average loss

L
(
q(z)

)
,
∫
Z
`(y; z)q(z) dz +D(q(z)||p(z)), (5)

regularized by the Kullback–Leibler divergenceD(q(z)||p(z))
[7]. Thus the first term fits q(z) to the data, while the second
term constrains it to the prior belief distribution. The updated
belief distribution is then obtained as

q̂(z) = arg min
q(z)

L
(
q(z)

)
. (6)

It is readily seen that for the loss function `(y; z) = − ln p(y|z),
the minimizer of L(q(z)) is the posterior p(z|y), cf. [6] for
more details. It is also interesting to point out that the above
optimal belief updating framework has the same structure
as the KL divergence optimization problem in variational
Bayesian inferences [8]. However, we use the similar method
from a different angle: in [8], the challenge is to tackle the
complicate joint distribution of high-dimensional latent vari-
ables by factorizing it into single variable factors; in this
paper, we focus on the problem of high computational com-
plexity caused by evaluation the likelihood of large data.

To circumvent the prohibitive computational require-
ments of this approach, we formulate a different loss function
based on marginal blocks of the full data distribution p(y|z)
similar to the composite likelihood approach, cf. [9]. Specifi-
cally, we choose

c`(y; z) = −
K∑
k=1

ln p(yk|z), (7)

where the data setD has been divided into K segmentsDk =
{Xk,yk}, k = 1, . . . ,K, with Nk � N samples each. The
composite likelihoods enables scalable and online processing
for large data set.

Theorem 1 (Bayesian Inference with Composite Likeli-
hoods). By applying (7), we obtain the updated belief distri-
bution

p(z|y1:K) , arg min
q(z)

∫
Z
c`(y; z)q(z) dz +D(q(z)||p(z))

=
p(z)

∏K
k=1 p(yk|z)

p(y1:K)
,

(8)

or in the recursive formation

p(z|y1:K) =
p(z|y1:K−1)p(yK |z)

p(yK)
, (9)

where p(y1:K) =
∫
Z p(z)

∏K
k=1 p(yk|z)dz is the marginal-

ized distribution for all data; and p(yK) =
∫
Z p(z|y1:K−1)

p(yK |z)dz is the marginalized distribution for segment K.
For a fixed Nk, (8) can be evaluated in a runtime that is of
order O(KN3

k ).

The proof follows from the recognition that (5) is equiva-
lent to the divergence D

(
q(z) || exp(−c`(y; z))p(z)

)
≥ 0,

which attains the minimum 0 only when q(z) ∝ exp(−c`(y; z))
p(z). Then the result is obtained by noting that q(z) is a dis-
tribution that integrates and therefore integrates to unity. The
recursive computation of the posterior with composite likeli-
hood in (8) can be tackled using methods discussed in Section
2 below.

2. RECURSIVE COMPUTATION

In this section, we present the recursive computation solutions
for GP learning and prediction.

2.1. Learning

The Fisher information matrix (FIM), J(θ|yk), is a measure
of information regarding to the unknown parameters θ con-
tained in data yk. In case of Gaussian distributed data, the
FIM can be obtained by the Slepian-Bangs formula. We refer
readers to (B.3.3) in [10] for this formula. When it is evalu-
ated at θ̂k = arg max

θ
p(yk|θ), the FIM is an indication of the

“sharpness” of the likelihood function around the local MLE.
The large FIM provided by the data, the tighter lower vari-
ance bound (Cramér–Rao lower bound) we may obtain for
the estimation [11].

Therefore, we use J(θ̂k|yk) as an approximate inverse
error covariance matrix for the weight of estimation θ̂k =



(a) Nk = 50, k ∈ 1, . . . , 100 (b) Nk = 100, k ∈ 1, . . . , 50 (c) Nk = 200, k ∈ 1, . . . , 25

Fig. 1: FIM weighted average of MLEs based on segmented training data with different length Nk.

arg max
θ

p(yk|θ). The linear combination of the weighted

MLEs {θ̂k,J(θ̂k|yk)|k = 1, . . . ,K} is given by

θ̄K = (

K∑
k=1

J(θ̂k|yk))−1(

K∑
k=1

J(θ̂k|yk)θ̂k). (10)

The above combination can also be implemented in an recur-
sive manner [12]. To initialize the recursive combination, let
J−1(θ̂0) be a diagonal matrix with very large diagonal el-
ements to represent the high uncertainty of the prior given
no data. The equations for recursive combination is θ̄K =

Λ̂−1k sk, where Λ̂0 = J(θ̂0), s0 = J(θ̂0)θ̂0, and

Λ̂k = Λ̂k−1 + J(θ̂k|yk), (11)

sk = sk−1 + J(θ̂k|yk)θ̂k. (12)

An example of recursive GP learning with a noiseless
model of the zero mean function and the squared exponential
(SE) covariance function (θ = [1, 2]>) is shown in Figure
1. In the example we split the entire sequence of training
data (N = 5000) into a number of segments. Three cases
with different segmented data length (Nk = 50, 100, and
200) are tested. Note that MLE is an asymptotically efficient
estimator. As an consequence, we observe that when Nk is
too small, we are essentially combination many MLEs with
low individual qualities, which would lead to an unsatisfying
final result. Nevertheless, a large Nk leads to high computa-
tionally complexity. Therefore a trade-off between accuracy
and computation cost must be balanced. As we have shown
in the case of Nk = 200, the accuracy of the combined MLEs
can be fulfilled while keeping the computation complexity
low.

2.2. Prediction

We now present the equations for recursive Bayesian predic-
tion with the composite likelihood model, which are solu-
tions for computing the posterior of each step in Theorem
1. The complete derivation of the following equations are

similar to the derivations in Särkkä’s book [13]. In short, at
each recursion, the Bayesian filter uses the previous posterior
as the new prior and updated the posterior by combing the
new data segment. Specifically, given the posterior distribu-
tion p(z|y1:k−1) = N (µ̃z|y1:k−1

, Σ̃z|y1:k−1
) and a new data

segment yk, the posterior p(z|y1:k) = N (µ̃z|y1:k
, Σ̃z|y1:k

) is
updated as the following.

First, a prior is generated. For k = 1, the GP prior in
(2) is used as the prior distribution for z; for k ≥ 2, previous
posterior p(z|y1:k−1) is used as the new prior.

Second, the conditional distribution of the measurement
yk given z is calculated: p(yk|z) = N (µyk|z,Σyk|z), where

µyk|z = µyk
+ Σyk,zΣ

−1
z,z(µz|y1:k−1

− µz), (13)

Σyk|z = Σyk,yk
−Σyk,zΣ

−1
z,zΣz,yk

. (14)

Note that at step k, the posterior mean of z, µz|y1:k−1
, is re-

garded as an realization of z.
Finally, the posterior p(z|y1:k) = N (µ̃z|y1:k

, Σ̃z|y1:k
) is

obtained via combining the k-th data segment, where

µ̃z|y1:k
=µ̃z|y1:k−1

+ Σ̃z|y1:k−1
H>k G

−1
k

[yk − µyk
−Hk(µ̃z|y1:k−1

− µz)],
(15)

Σ̃z|y1:k
=Σ̃z|y1:k−1

− Σ̃z|y1:k−1
H>k G

−1
k HkΣ̃z|y1:k−1

,

(16)

whereHk
4
= Σyk,zΣ

−1
z,z andGk

4
= Σyk|z+HkΣ̃z|y1:k−1

H>k .

3. PERFORMANCE ANALYSIS

After obtaining the posterior with composite likelihoods and
its computation methods, a natural question rises: how good
are the posteriors with composite likelihoods as approxima-
tions of GP posteriors? To answer this question, we need to
define the performance metrics. The first metric is the data
averaged mean square error (MSE) of the approximate pos-
terior; the second metric is the data averaged KL divergence
bewteen the approximate and the exact posteriors. Those two



metrics define the distance between the approximate posterior
and the true distribution in different but closely related ways,
which will be discussed through this section.

3.1. Data Averaged MSE

In light of the Theorem 17.3.2 from Cover and Thomas’s
Book [7], the MSE between the scalar random variable z and
ẑ (an estimate of z, e.g., the predictive mean of the GP poste-
rior) is bounded by the following inequality:

E[(z − ẑ)2] ≥ 1

2πe
e2H(z|y) =

1

2πe
e2(H(z)−I(z;y)), (17)

which is a consequence of the Fano’s inequality. In other
words, the MSE lower bound is determined by the entropy
of z and the mutual information between z and observations
y. Under the assumption of no model uncertainties and when
the predictive mean of the GP posterior is used as the esti-
mate, the MSE lower bound is asymptotically attained be-
cause I(z; y) is the expected information provided by the full
GP model, which will be discussed later.

It is unclear yet that to what extent the composite likeli-
hood will introduce additional MSE compare to GP. Let the
approximate posterior mean µ̃z|y1:K

be an estimation of the
latent variable z with data y divided in to K segments, and
the GP posterior mean is µz|y. The MSE of the estimation is
given by

MSE(µ̃z|y1:K
) =Ez|y[(z − µ̃z|y1:K

)2|y]

=σ2
z|y + (µz|y − µ̃z|y1:K

)2,
(18)

where σ2
z|y is the GP posterior error variance. Note that in

the above expression, the full and composite posterior means
(µz|y and µ̃z|X1:K

) are dependent of a specific realization of
data y. By averaging (18) over all possible y, we present the
data averagd MSE of using the composite posterior mean as
an estimator of the scalar latent variable z, when the data y is
divided into two segments (K = 2).

Theorem 2 (Data averaged MSE of posteriors with compos-
ite likelihoods). The data averaged MSE of the approximate
posterior mean (K = 2) for the scalar latent variable z is
the GP posterior variance plus a quadratic form (the penalty
term). That is

Ey[MSE(µ̃z|y1:2
)] = σ2

z|y +
[
α1 α2

] [Σy1,1 Σy1,2

Σy2,1
Σy2,2

] [
α1

α2

]
,

(19)

where Σyi,j is the covariance matrix of the i-th and j-th data
segments. The vector of block matricesα1 andα2 is given by[

α1

α2

]
=

([
A B
C D

]
−
[
A′ B′

C ′ D′

])> [
Σx∗,X1

Σx∗,X2

]
, (20)

where Σx∗,Xi is the column vector of covariances bewteen
the testing data and the i-th data segment; and the two block

matrices ([A, B; C, D] and [A′, B′; C ′, D′]) are coefficients
matrices of the GP and the approximate predictions, recep-
tively.

The full computations are omitted here due to the lim-
ited space. We present a sketch of the proof in the fol-
lowing. It is not difficult to show that, the coefficients
matrix for GP prediction is the block inverse of the co-
variance matrix of data y. For approximate predictions,
let the covariance matrix between data block i and j be
Σ̃yi,yj

, Σyi,z
1
σ2
z
Σz,yj

, which means the segmented obser-
vations are indirectly connected by the testing data. There-
fore the approximate conditional covariance matrix of the
second data block given the first one can be expressed as
Σ̃y2|y1

, Σy2,y2
− Σ̃y2,y1

Σ−1y1,y1
Σ̃y1,y2

. By some lin-
ear algebra manipulations, the block coefficients matrix
for posterior with composite likelihoods is A′ = Σ−1y1,y1

,

B′ = 0, C = −
(
σ̃z|y1

σz

)2
Σ̃−1y2|y1

Σ̃y2,y1
Σ−1y1,y1

, and D =(
σ̃z|y1

σz

)2
Σ̃−1y2|y1

, where σ̃2
z|y1

= σ2
z −Σz,y1

Σ−1y1,y1
Σy1,z is

the posterior variance of latent variable z using the first data
block y1.

In case of the data is truthfully generated by a GP model,
Theorem 2 shows that the MSE of composite likelihood pre-
dictions will be equal (K = 1) or higher (K ≥ 2) than the
MSE of GP predictions. As an approximation of the GP
prediction, the composite likelihood prediction effectively
imposes a Markov structure by assuming that the segmented
training data are conditional independence given testing data.
From sparse GP’s point of view, we see that the testing data
serves as the inducing variable by connecting segmented
training data.

3.2. Data Averaged KL Divergence

Another well-known metric for comparing probability distri-
butions is the KL divergence [7]. The KL divergence between
the GP and the approximate posteriors can be written in a
closed form expression. We refer readers to (A.23) in [1].
However, this expression is again for a specific realization of
data y. As an alternative, we present the following result for a
comparison between the GP and approximate posteriors with
their data averaged KL divergences to the prior distribution.

Theorem 3 (The difference of data averaged KL diver-
gences). The difference of data average KL divergence be-
tween two posteriors is

Ey[D(p(z|y)||p(z))]− Ey1:K
[D(p(z|y1:K)||p(z))]

=I(z; y)−
K∑
k=1

I(z; yk),
(21)

where I(z; y) is the mutual information of the latent state z

and all observations y, and
∑K
k=1 I(z; yk) is the sum of mu-

tual information of the latent state z and observation yk.



A sketch of the proof is the following. First, the data av-
eraged KL divergence between the GP posterior and the prior
is given by Ey[D(p(z|y)||p(z))] =

∫
Y
∫
Z p(z,y)[ln 1

p(z) +

ln p(z|y)]dzdy = I(z; y). Second, note that p(y1:K |z) =∏K
k=1 p(yk|z), p(y1:K) =

∫
Z p(z)

∏K
k=1 p(yk|z)dz, and∫

Yj

∫
Yk

∫
Z
p(yj |z)p(z,yk) ln

p(z|yk)

p(z)
dzdykdyj

=

∫
Yk

∫
Z
p(z,yk) ln

p(z|yk)

p(z)
dzdyk, ∀j 6= k.

(22)

Therefore, the average divergence between the approximate
posterior and the prior is

Ey1:K
[D(p(z|y1:K)||p(z))]

=

K∑
k=1

∫
Yk

∫
Z
p(z,yk)[ln

1

p(z)
+ ln p(z|yk)]dzdyk

=

K∑
k=1

I(z; yk).

(23)

Remark 1 (Expected information). The data averaged KL
divergence between a posterior and a prior is also referred as
the expected information [14] about the latent variable z, or,
the average information gain about z provide by the data and
the selected model.

Since the data used to produce the GP and the composite
posteriors are the same, the difference presented in Theorem
3 is caused by the selection of models (likelihoods). In other
words, we have showed the difference of using one model
(composite likelihoods) to approximate the other (exact like-
lihood) in terms of information about the latent variable z.
Note that the difference in (21) can be positive or negative.
The sign of the difference can be interpreted as the following.

Remark 2 (Synergy and redundancy). The difference of data
average KL divergences in Theorem 3 can be positive or neg-
ative. If the difference is positive, the segmented data are said
to be synergistic; otherwise, the segmented data is said to be
redundant [15].

In case of synergy, we obtained more information about
the latent state by jointly considering all segmented data; in
case of redundancy, there is an overlapped information in the
segmented data about the latent variable. Finally, in the con-
text of approximating GP posteriors, we interpret the sign of
the difference with the following remark.

Remark 3 (Over- and underestimate of variances). Consider-
ing the composite likelihood model as an approximation of the
GP model, the synergistic segmented data lead to the overes-
timated variances in the approximate posterior distribution of
the latent variables; and the redundant segmented data lead
to the underestimated variances.

Fig. 2: An example of interpolating the missing data (within
the red rectangular) of a 64×64 Gaussian random field. Three
methods are applied: the exact Bayesian, the sparse method,
and the recursive Bayesian with composite likelihoods (k = 4
and 32).

4. NUMERICAL EXAMPLES

A two-dimensional Gaussian process are sometimes referred
as the Gaussian random field (GRF). Given the GRF model,
a common problem is to interpolate the field at where val-
ues are missing. In this example we look at a GRF with the
following definition: y(x1, x2) ∼ GP(0, k(x1, x2, x

′
1, x
′
2)),

where k(x1, x2, x
′
1, x
′
2) = α2 exp[

−(x1−x′1)
2

θ21
+
−(x2−x′2)

2

θ22
].

That is, the stationary GRF has the zero mean and the
two-dimensional automatic relevance determination (ARD)
squared exponential covariance function. The contour plot of
a realization of the above GRF (α = 1, θ1 = 8, θ2 = 8) is
illustrated in Figure 2. This 64 × 64 GRF consists of more
than four thousands “pixels ”, which includes 3840 data as
observations and 512 points within the red rectangular as test-
ing data for interpolation. The predictive means given by the
composite likelihood (k = 4) and the GP are most identical.
Meanwhile, the predictive means between the sparse method
and the exact method have notable differences.

A trade-off between RMSEs and runtimes is illustrated
in Figure 3. Here we vary the size of data segments from
N
4 to N

64 (or change the number of iterations from 4 to 64),
while fixing the total size of data N (N = 1282). When
the data is split to more segments, the RMSE is increased
due to the approximation but the complexity is mitigated. For
example, when Nk is shorten from N

4 to N
16 , the increased

RMSE is insignificant but the runtime is greatly reduced. We
also show that the different segmentation schemes has notable
impact on the approximation performance. When the data is
split in a random manner, the overlapped information between
segments are greater than the sequentially divided segments,
and therefore introduce more errors.



(a) Random segmentation (b) Sequential segmentation (c) Runtime

Fig. 3: The trade-off between RMSE and runtime, using composite likelihoods with different sizes of data segments. Two
different segmentation schemes are applied: random and sequential. N = 1282 in this simulation.

5. CONCLUSION

We have presented a method for approximating the posterior
of a GP using composite likelihoods. We provided both a
scalable computational method and a performance analysis
of the resulting approximation. Differing from many previous
works, the approximate posterior from a general belief updat-
ing framework [6]. We show that exact and approximate pos-
teriors can be all recovered with this framework by choosing
different likelihoods in the loss function. While this provides
a computational gain we also quantify the quality of the ap-
proximation using averaged mean-square prediction error and
KL divergences. Using the KL divergences and mutual infor-
mation, we give an intuitive interpretations of how and why
segmentation of data will lead to differences in posteriors.
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