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Question 1

To calculate the Fourier series coefficient, we can take the integral over any period of the signal. Suppose

that we pick the period (—%, 15), the Fourier coefficients of g(t) are

7 .
o) = | gltje 2. 1)
1
-7
Since f(t) is zero outside the interval, and g(t) is the replicas of f(t) with period 1, both functions are
equal in the interval. Thus,

3(n) =F f(t)e 2 at (2)

B .
= J f(t)e 2™t dx, (3)
which is indeed the Fourier transform of f(t). Therefore, we get

g(n) = F(S) | s=n- (4)

The Fourier coefficients of the periodic function g(t) are the sample of the Fourier Transform of f(t),
taken all the integers.

Question 2

1. For 0 < s < 1, we only get a few shifts F(s —n) that are non-zero, namely

w(s) « F(s) = i F(s —n) ()
:TLi—:OF(erZ)+F(s+1)+F(s)+F(s—1)+F(s—2)+~~ (6)
= F(s) +F(s :01). h (7)

Since G(s) = sF(s),
w(s) * G(s) = i (s =m)F(s —n) = sF(s) + (s = 1)F(s —1). (8)

Multiplying Eq.(7) by (s — 1) and subtract Eq.(8), it gives
(s — 1) (wi(s) = F(s)) —w(s) = G(s) = —F(s), (9)

or
F(s) = (1 —s) (wi(s) = F(s)) +-w(s) = G(s). (10)
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For —1 < s <0,

e e]

w(s)«F(s) = Y F(s—n)=F(s+1)+Fs),

n=—oo

and
o0

Ww(s)«G(s) = Y (s—n)F(s—n)=(s+1)F(s+ 1) + sF(s).

n=—oo

Multiplying the Eq.(11) by (s + 1) and subtract Eq.(12), it gives

F(s) = (s+ 1) (w(s) * F(s)) —wi(s) x G(s).

Combine Eq.(10) and Eq.(13), Since

1—s, 0<s
T—lsl, Is[<1
Als) = =<¢1+s, —1<
0, Is| > 1
0, Is| > 1
and
-1, 0<s«1
As)=<1, —=1<s<0,
0, Is| > 1

Combine Eq.(10) and Eq.(13), we can write

F(s) = A(s) (W(s) * F(s)) — A'(s) (i(s) = G(s))

for all —oo < s < 00.

2. We first take the inverse Fourier transform of the first term on the right in Eq.(16)

FT{A(s) (u(s) = F(s))} = sinc? (t) * (£(t) w (t))

= sinc? (t) % ( i f(n)o(t—mn)

n=—oo
o0

= Y  f(n)sinc’(t—n).

n=—co
For the second term, the inverse Fourier transform gives

1

FV{A(s) (Wwi(s) = G(s))} = —j2mtsinc? (t) = (f’(t) W (t)

j2m

= — (tsinc?(t)) = ( i f'(n)s(t —mn)

n=—oo
o0

= Z f/(n)(t —n)sinc? (t —n).

n=-—oo

Adding these two results together we obtain the interpolation formula

f(t) = F {A(s) (W(s) * F(s))} = FT{A/(s) (wi(s) = G(s))}

[o¢]

= Y  f(n)sinc*(t—n)+ i f/(n)(t —n)sinc’ (t —n).

n=—oo n=—oo
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Question 3
1. A {jincz(r)} = sinc?(x)

The Hankel transform of the jinc?(r) is:

B {jinc?(r)} = B {jinc(r)jinc(r)} (25)
= B {jinc(r)} * B {jinc(r)} (26)
=TI(p) *T1(p), (27)

where * represents the convolution operator. From the Abel-Hankel-Fourier ring theorem, the
Abel transform of jinc? (r) should be the inverse Fourier transform of the slice: TT(s) % TT(s) = A(s).
Therefore, it is easy to have:

F{A(s)} = sinc?(x) = A {jinc? (1) } . (28)
Q.E.D.
STLUIEN
From HW2 Q1(2), we can derive the Bessel transform of 2" 5 2, e,
o {30 2" ) g 29
p Eo 5(+)o (27trp) dr (30)
= 2Jo(0) = 2. (31)

From the Abel-Hankel-Fourier ring theorem, the Abel transform of @ should be the inverse
Fourier transform of the slice: 27t. Therefore, it is easy to have:

5
F2m) = 2m8(x) = A {(:)} ) (32)
Q.E.D.
3. A {e*”TZ} =e ™

First, we derive the Bessel transform of e ™. Since e ™ = e_”("2+92), we have:
B {efﬂrz} _ JOO JOO e*T[(XZerz]eijT[(lLXJrVy)dXdy (33)
_ (JOO e,nxz esznuxdx)(Joo e,ﬂgz e7j27rvy dy) (34)
= {e*“"2 } F {e*mJZ } (35)
_ e—ﬂ(u2+v2) (36)

—mp?

mr?

From the Abel-Hankel-Fourier ring theorem, the Abel transform of e~ should be the inverse

ms?, Therefore, it is easy to have:

F! {e‘"sz} —e ™ — 4 {e_mz} . (38)

Fourier transformation of the slice: e~

Q.E.D.
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4. A{2ma]o(2mar)} = 2 cos(2max)

The Bessel transform of 2taJy(27tap) can be calculated as:

B{2na]y(2mar)} =2 JOO(Znar)]o (2mar)]o(2mrp)dr (39)
0
= |7 amolatinaloniar (40)

where T = 27tr.

Given the Bessel orthogonality theorem:

o 1, |bl=a
axJo(ax)Jo(bx)dx =< ’ . 41
Jo J J 0, |b|#a (41)
Therefore, by substituting # as x into equation (41), we have the equation (40) equals to
5(p—a)+38(p+a). (42)

From the Abel-Hankel-Fourier ring theorem, the Abel transform of 2maJ(27mar) should be the
inverse Fourier transformation of the slice: &(s — a) + 8(s + a). Therefore, it is easy to have:

FN{6(s —a) + 8(s + a)} = e I27TX 4 27X — ) co5(2max) = A {2ma],(2mar)}. (43)
Q.E.D.
Question 4
1. According to the definition of the characteristic function
Fy(s) =E(e%Y) = E(eis/"> = JOO e/ Xy (x) dx = Jm e dx (44)
e - e T L m )T
Substitute x = 1 and dx = —-;dy, we have
y y
oo eJsy 1 00 elsy
Fy(s) = ——— - —dy = ——dy. 45
O = R BNt (49)
Therefore, the random variable Y has the same Cauchy density.
2. The sum we want is %X1 + 1ZXZ, where each term has the distribution
2x(2x) = 2 (46)
T a1+ 4x2)
Using the provided Fourier pair, the corresponding characteristic function for each term is given
by
2 2n
For = F 55— b =e "l a7
{ﬂ(1+4x2)} {712+4712t2} ¢ (47)
The characteristic function of the random variable Y is the multiplication of two characteristic
functions (Property in Lec7 Page35) as:
Fy(s) = e sl el = e=27lsl, (48)
Finally, the distribution is its inverse Fourier transform
47t 1
fyly) = F { *2“‘8'} - - 49
vv) ¢ a2 +am2y? (1 +y?) (49)
which is exactly the same Cauchy distribution.
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Question 5

x+T X .
J- 2 Cne)Znnt dt

X—T n=—c0

o 1 X+T
= > cn3 J et
n=—oo T

X—T

Therefore, it is the integral we have to evaluate.
If n =0, we have
1 X+T 1
— 1dt = — —(x— =1.
> wa d 5 (x+1)—(x—1))
Ifn#0,

] xX—+T . -I ] . t=x+4+7
E J e]Zﬂntdt — |: e)Zﬂnt]

x— 27 [j2rm fext

— 1 (ejZnn(x+T) _ ejZTm(x—T))
jArnt
1
jArnt
1 ejZTrnx
2nnt 2j
sin 2mnt

_ ej27TT1X (ej27TnT _ e*jZT[T'LT)

ej27rn~c _ e—jvac

ejZnnx

2t

= sinc(2mn) el 27X,

Therefore, the Fourier series of A f(x) is

Af(x) = Z cnsinc(27mT) el 2T,

n=—oo

which is a periodic signal of period 1.

Question 6

1. First let’s show that L is linear:

t+c
L(orar () + azaz(t)) = lj (o ar (x) + ozaz(x)) dx

1 t+c 1 t+c
:on—J aq (x)dx—l—cxz—J as(x)dx
2c Ji_c 2c
= oL (ai(t)) + oal (az(t)).
Hence, L is linear.

Now let’s show that L is time-invariant:

] t+c
Ha(t—1)}= Z—CJ a(x —T)dx
t—c
1 (t—1)+c
= a(y)d
2c J(t'r)c v
=b(t—1),

HOMEWORK 3

where we can recognize y =t — 1. Hence, we have shown that L is indeed time-invariant.
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2.

rl.0

If we define

h(t) = %n (i) , (67)

then clearly [{a(t)} = h(t) * a(t). Hence, the impulse response of the system is given by h(t), and
the transfer function is simply:
H(s) = sinc(2cs). (68)

If we let ¢ — 0, then the impulse response function becomes:

h(t) = lim -1 (t> — 5(1). (69)

c—0 2¢ 2c

In the frequency domain, the transfer function becomes:

H(s) = lim sinc(2cs) =1, (70)

c—0

which makes perfect sense for an impulse function.
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