ELEC8501: THE FOURIER TRANSFORM AND ITS APPLICATIONS
FIRST SEMESTER, 2023-24

Homework 2

{ Due: O0Oct 31, 2023, 11:55pm }

Instruction: Submit your answers electronically through Moodle. In Moodle, you must submit under the
PDF Submission link with ONE PDF file containing answers to all remaining questions. Please ensure
that you use notation symbols in alignment with the lecture notes.

Question 1

Prove the Fourier-Bessel transforms pair of
27

LA = e

2. ‘B{ém} =2r
T

a
3. B{H(a—r1)} = 5]1 (2map),
where H(r) is the Heaviside unit step function.

Hint: Using the mathematical identity in Q1:

o 2n
do = (1)
o a-+bcosd Va2 —b2
Question 2
Evaluate the following integrals using Rayleigh’s theorem
2. [*_t%sinc’(t)dt
Question 3
1. If f(t) * g(t) = h(t), what is f(t — T) * g(t + 7) in terms of h(t)? (* stands for convolution)
2. Based on the previous derivation, show that the following relation holds
J f(t)g(—t)dt = J F(s)G(s)ds, (2)
—00 —00

where F(s) and G(s) denote the Fourier transform of f(t) and g(t), respectively.

Question 4

One of the most common use of convolution and the Fourier transform is in solving differential equations.
Consider the following classic second order differential equation
d?u(t)
dt?
If f(t) is a given function, please find u(t). (Hint: You may find it helpful to consider the Fourier
transform of eIt!)

—ult) = —f(t). (3)
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Question 5

We define the moment of order n of a function as:

My = r () dt (4)

—00
Let f(t) be a signal with Fourier transform F(s).

1. Demonstrate that the moment of order n appears as:

j nrin]
my = (=—)"F .
where FIVl(s) = L;:Ef) refers to the n'" order derivative of F(s).

2. Demonstrate that the decomposition of F(s) into a Taylor series appears as follows:

Fs) = 3 (20 ma S (6)

n=0

Question 6

Consider a function f(t) made up of a succession of line segments with no discontinuation, shown in
Figure 1.

1. Write the mathematical expression of the first and the second derivative of f(t).

2. Let F(s) be the Fourier transform of f(t), prove that its Fourier transform can be written as:
1 aj a; — ag aj 2 a3 —a; ax-—aj 2
F §) = ——— - + = = 67] 7'[1:]S+ _ 67] Ttto s
(s) 4mt2s2 [(h > (tz—t] t t3 —t2 t —t
+ a4 —asz d3—az e*]‘ZT(th (94 —as e*jzﬂt4s (7)
ty — 13 t; — 1 ts —t3

Hint: Use the Fourier derivative theorem.
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Figure 1: A piece-wise function.

Question 7

Use Generalized Fourier transforms to answer the below Filter questions. (Simplify your expression as
much as possible.)

1. Find the Fourier transform of Filter 1 shown in Figure 2.

2. Find the Fourier transform of Filter 2 with the mathematical expression of sin(27t|), depicted in
Figure 3.
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Figure 2: Filter 1.

sin(27|t|)

Figure 3: Filter 2.
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