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Question 1

1.
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Then, we can use the given Mathematical identity
27
| e = e (6)
o a-+ bcoso Va2 —b2
where the original formula is the special case of b = j27mtp. Therefore, it can be further written as
Bi{r e ¥} = 2n , (7
Vv (a? = (j2mp)?)
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Q.E.D.
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Let p = 27mtrp, so we have:
27T a2mp
BlH(a =)k = ooz | Jolp)pdd (14)
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Use fg rJo(r)dr = xJ;(x), therefore:

27

B{H(a—1)} = )2

(2map)]i (2map)

= 27 (2nap)
Y

Question 2
1.
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The Rayleigh’s theorem is applied from (17) to (18)
2. - -
J t2sinc? (t)dt = J (tsincz(t)) (tsincz(t))dt
Using the derivative property, which states:
F{t g(t)} = (52)"G™ (),

HOMEWORK 2

(23)

(24)

where G (s) = d';f,gs) refers to the n'™ order derivative of G(s). We can deduce that tsinc?(t)
transform to 5-A’(s). Here we take the derivative of A(s) in a piecewise manner, which has the

following graph:

\J

=

Figure 1: Graph of A’(s)
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Hence, from the Rayleigh’s theorem, we have

JOO t2sinc?(t)dt = JOO i/\’(s) ( j /\’(s))* ds

o oo 2T 2

1 * / /
= mj A'(s)A'(s)ds

—00

4m?
_
- 2m?
Question 3

1. From the property of the Fourier Transform

Flf(t— 1)} = e ITF(s)
Flglt + 1)) = &*7G(s)

From the convolution theorem, the convolution becomes multiplication, which gives

HOMEWORK 2

F{f(t—1) * gt +1)} = e T2 F(5)e 2™ G(s) = F(s)G(s) = F{f(t) * g(t)} = F{h(t)}. (31)

Therefore,
f(t—1) % g(t+1) =h(t)

2. Let h(t) = f(t) * g(t), then
h(t) = J f(t)g(t —t)dt

—00

since we know that h(t) = ' {F(s)G(s)} by the convolution theorem,

h(t) = JOO F(s)G(s)el?™tds

—00

Hence - o
J f(T)g(t—T)dTZJ F(s)G(s)el?™tds

—00

Evaluating this equality at t = 0, we can get

J'oo f(”t)g(—’t)d’t:JOO F(s)G(s)ds

—00

(Replace T with t gives the final expression).

Question 4

Define U(s) and F(s) as the Fourier transform of u(t) and f(t), respectively. Take the Fourier transform

of both sides

(j27s)*U(s) — U(s) = —F(s),
—4m?s?2U(s) — U(s) = —F(s),
(1 +4m?s3)U(s) = F(s).

So we can express U(s) as

1

Uls) = 14 4m2s2

F(s).
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. 1 . . 1 ,—t| .
We recognize j77,757 1s the Fourier transform of e~ ", that gives

1
U(s) = s{zet'} F(s). (41)
According to the convolution theorem,
w(t) = Je M (1), (12)
or, write out in full
‘I o0
u(t) = EJ e f(1)dt (43)

Question 5

1. Using the Fourier derivative theorem and the value at origin trick, we have the relationship between
the n'*" order moment and the n'" order derivative:

m, = J thf(t)dt = J thf(t)e 12Tt dt (44)
—00 —00 s=0
=F{t"f(t)} (45)
s=0
j ynd™F(s)
= (52" (46)
2 ds |
_(J \ng
= (==)"F 47
(5)"F™(0) (47)
2. Consider the mathematical format of Taylor series of F(s) around 0:
o0 Sn
F(s) =) FW(O)F (48)
n=0 '

In Q1, we have proved that m, = (%)“F[“J(O). It can be directly substituted into Eq.(48) to
replace the n'" order derivative term in Taylor series, i.e.,

= H) (49)
=Y (N E 0, (50)
n=0
0 ‘ N §n

Q.E.D.

Question 6

1. First, we determine the first derivative of the piece-wise function as:

0 when t < 0
fcl—::a’] when 0 < t < t4
df(t) _ Pt =ad, whent) <t<t
dt ‘12:,?22 =a; whent) <t<ts ’
‘ijiﬁj =a, whent;<t<ty
0 when t > t4
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Therefore, it is obvious that the second derivative of f(t) is a series of delta functions with different
amplitudes according to the property of the delta function:

dzf(t) ! / li / / li / /
02 =aid(t)+ (a5 —a7)d(t—t1) + (a5 —a%)d(t—t2) + (a; —a3)d(t —t3) — ayd(t —ta) (52)

2. Using the Fourier derivative theorem, i.e.,

d?f(t)

7 2 (j27ts)2F(s), (53)

where f(t) D F(s). Therefore, to determine the F(s), we need first calculate the Fourier transform
of the second derivative. According to the Fourier shifting theorem, it is easy to find:

d?f(t)
dt?

) 0./1 4 ((1/2 _ Cl/1 )ef].ZTKT,] S 4 ((1{?, _ alz)eijT(tzs 4 (O-Z; _ ag)efj2ﬂt3s _ ageijﬂt4s (54)
= (j2ms)?F(s) (55)
Finally, rearranging both sides of the equation, it can be simply obtained:

/ / I\p—j2mtys / I \p—j2mtas l I Yp—j2mtss ! o—j2mtys
aj + (a5 —a})e 7S 4 (a5 — ah)e 7725 4 (a)y — af)e TS — g e

F(s) = 56
( ) (]ZT[S)Z ) ( )
1 aq a —aq aq _i2 asz —az a —aj s
— _ hed — 1) ei2mts _ e j2mtss
4m2s2 |:(t1 ) + (tzt] t + t3 — 1, t — 14
+ a4 —az a4z —daz e i2mtss a4 —as e—i2mtas (57)
ty — 13 t; — 1 tg —t3

Question 7

1. The signal is made out of the Heaviside step function H(t), and we know its Fourier transformation

to be: : .
— Ls(s)—
F{H(t)} = 26(3) s (58)
The signal can be written as:
f(t) =H{t—1)—H(—(t+1)). (59)

Therefore, we can determine the Fourier transform of the signal in Filter 1 as:

FUO))=FHt =1} —F{H(—(t + 1))} (60)
= e 7ISF(H(t)} (s) — ¥ F{H(t)} (—s) (61)
= e TISFH(t)} (s) — e2™SF(H(t)} (—s) (62)
_ _—2mjs 1 e2mis 1 _q) —

—e (25(3) zm> " 200 —s)) (63)

_ | —2mjs __ ,27js _L —2mjs 27mjs
= 3 (e s T (e ) &
—j(sin 27ts)5(s) — ﬂis cos 271 (65)
= _nls cos 27ts. (66)
(67)

Note: From Eq.(65) — Eq.(66), consider the property of a delta function, we have the first term
—j(sin27ms)6(s) = 0.
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2. Filter 2 can be described as:
sin(27t|) = sin(27tt)sgn(t). (68)

Taking the Fourier transform we get

F{sin(27t)sgn(t)} = F{sin(27t)} * F{sgn(t)}. (69)
We know the Fourier transform of a signum function is
1
Fisgn(t)} =F{2H(t) - T} = —, (70)
jTts

therefore, substitute it into Eq.(69) we get:

1 1
Flsin(2nlt]} = =< (6(s —1) = d(s+ 1)) x — (71)
2j s
S (72)
T 2n(s—1)  2m(s+1)
—s—1+s—1
T s D1 (73)
After simplification, the final answer is
F{sin(27tt])} = (74)

(1 —s2)
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