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Preamble

Fourier transform is widely used in the analysis of wave propagation,
such as in optics:

© waves are sinusoidal, so decomposition of a signal in different
“harmonics” makes sense

© we often have linear space-invariant systems, where Fourier
analysis is an effective tool

In this lecture, we consider in particular of image formation from the
perspective of Fourier optics, but similar principle is applicable for
optical communication, acoustic waves, etc.
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Wave propagation

@ Wave propagation
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Wave propagation

Diffraction and resolution

Motivation question: If we have a “point” object, is its image a
“point” ?
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Diffraction and resolution

Motivation question: If we have a “point” object, is its image a
“point” ?

e What is a point? d(z,y)

@ What is the implication that the image is a point? “infinite
resolution”. What is “resolution”?

@ The physical phenomenon of diffraction

The discussions below follow the presentation in J.W. Goodman,
Fourier Optics, 4th ed. W.H. Freeman, 2017.
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_ Weve propagation
Huygens-Fresnel principle

A general setup, with X as the diffracting aperture, and wavelength A

and wavenumber k = 2m/A:
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The complex phasor representation of the light field is given by
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Huygens-Fresnel principle

Approximations: Let us consider 7g;.

ror =1/22 +(z —£)* + (y — n)? (2)
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Huygens-Fresnel principle

Putting this in, and define U(¢, 7, 0) to incorporate %:

U(z,y,z

e /Uén, 0)e’ze =0 "] gg gy

What do you notice about this equation?
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Huygens-Fresnel principle

Putting this in, and define U(¢, 7, 0) to incorporate %:

U(z,y,z

e /Uén, 0)e’ze =0 "] gg gy

What do you notice about this equation? A convolution with

eJk 22442
h & i (2%+y?)
(xiy) ]Aze 2

U(z,y,2 /Uﬁn, h(z — &,y —n)dédn
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Huygens-Fresnel principle

ejkz

U = -
(xiyiz) j)\Z

// U(¢, n,0)el %[O+ w-m] ge gy (10)
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What do you notice about this equation?
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Huygens-Fresnel principle

lf(z,y,z)::

ejkz
JAzZ

/ / U(¢,n,0)e7 50"+ g¢ gy
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What do you notice about this equation? A Fourier transform! Let

Tkz
C= e—ejzz
jAz
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U(z,y,2
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Huygens-Fresnel principle
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What we have done is called Fresnel approrimation. So, in the region
of Fresnel diffraction, the equation

U(z,y,2) = C [[ [U(e,n, 007 £ 1] e 7 GE ) ag

says the complex field at a distance z is equal to the Fourier transform
of the product of the complex field just after the aperture and a
quadratic phase exponential.
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Fraunhofer and the use of lenses

© Fraunhofer and the use of lenses
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Fraunhofer and the use of lenses

Fraunhofer approximation

How to get rid of the quadratic phase exponential?
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Fraunhofer and the use of lenses

Fraunhofer approximation

How to get rid of the quadratic phase exponential? Go really far.
If the distance z is far enough, known as the Fraunhofer (far-field)
region, with

[k(€% + 7)) max

z> 5 (13)

then the Fraunhofer diffraction gives

U(z,y,2) = C// U(¢,n, O)e_ji_:(“"f”") dé dn (14)

i.e., a Fourier transform of U(¢,7,0)!
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Fraunhofer and the use of lenses

What 1s a lens?

How to get rid of the quadratic phase exponential?
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Fraunhofer and the use of lenses

What 1s a lens?

How to get rid of the quadratic phase exponential? Use a lens.

P
~

f

In simple terms, a convex lens (with positive f) multiplies

Uy(z,y) = e 727 +) (15)

to the light field before it
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Input placed against the lens

object back focal plane

O Object: ta(z,y)
@ Disturbance incident on the lens: Uy(z,y) = Ata(z,y)
© Lens has a pupil function P(z,y) where

1 inside the lens aperture
P(z,y) = .
0 otherwise.
© Amplitude distribution behind the lens:
-k
Ui(e,y) = Ata(z,y)P(,y)e 72 ) (17)
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Input placed against the lens

Put this in Eq. (12), with z = f, and changing some notations:

Ug(u,v) = C// U,{(:r:,y)ej%(wzﬂz) e 37 (=AY gy dy (18)
= [[ taG@, 9P, y)e 75 dody (19)

If the physical extent of P(z,y) is much larger than t4(z,y), it can be
ignored, and we have the Fourier transform (or Fraunhofer diffraction
pattern) of ta(z,y) at the back focal plane (rather than “far field”)!
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Optical image formation

© Optical image formation

E. Lam (University of Hong Kong) ELEC8501 Sep—Nov, 2022 15 /24



Optical image formation

Geometry for image formation

More generally, we have the following setup:

!
U, U, U, U;
< > £ >
21 22

Qur goal is to find the image at U; of a point at U,.

o Input: §(¢,7)
@ At Uy: a spherical wave diverging from the point (&, n):

1 k()24 (y—m)2
Ul(myy) — j)\z:l e] 2z [( 5) +(y 77) ] (20)
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Optical image formation

Geometry for image formation
o Passing through the lens:
Ui(z,y) = Unlz, y)P(z,y)e 7"+
o Using the Fresnel diffraction equation given by Eq. (10):

u—z)°+(v—
h(u,v;{,n) ])\Z //UZ T ’y .7222 [( ) +(v=y)? ]da;dy
1k (u24e2) j £
h(u,v;€,m) = )\2z1z231212( o 2)87211 (€27%)
Iy k(11 1) (2,2
x//P(m,y)e]2(21+z2 f)( +9°)
—7 i u )y (14 v
) () o,
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Optical image formation

Simplifications

A series of simplifications:
© Ignore the quadratic phase factors outside the integrations
© Assume the object and image distances obey the lens formula:

1 1 1
Sy s o= 24
21z f (24)

© Define the magnification

%)
M=_-2 25
- (25)
© Scale the coordinates
§=M¢ =My (26)
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Optical image formation

Impulse response

This “image of a point” becomes space-invariant (and let z; = 25 for
image distance):

h(u—€v—1) = K// P(:t:,y)e_j%[(u_é)ﬁ(u_ﬁ)y] dz dy (27)

h(u,v) = K / / P(m,y)e_j%(uervy) dz dy (28)

For a diffraction-limited system we can regard the image as being a
convolution of the image predicted by geometrical optics with an impulse
response that 1s proportional to the Fraunhofer diffraction pattern of the
ezxit pupil. (Introduction to Fourter Optics, p. 189.)
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Frequency analysis

With an impulse response, we can now perform a frequency analysis of
the optical imaging system. However, with optical systems, we often
deal with polychromatic illumination, leading to two special cases:
coherent imaging and incoherent imaging:

o Spatially coherent: the phasor amplitudes of the field at all object
points vary in unison — Linear in complex amplitude

@ Spatially incoherent: the phasor amplitudes at all points on the
object are varying in totally uncorrelated fashions — Linear in
intensity, and impulse response is the squared magnitude of the
amplitude impulse response
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Optical image formation

Coherent imaging

Amplitude transfer function:

Hfa, fy) = / / B, v)e 2R U=u149) gy dy (29)

which leads to:
H(faz;fy) = P()\zifa:;)\zify) (30)

So the frequency response has the same form as the pupil function!
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Optical image formation

Incoherent imaging

Optical transfer function (OTF):

fofo |h(u, v)|?e= 72" (Feutfuv) duy dy
H(fzs fy) =—

= (31)
[J |h(u,v)|? dudv

fofo H(p',q"YH*(p' — fz,q' — fy)dp' dg’
== = (32)
_ffIH(p’,q’)Ide’ dq’

OTF 1s the normalized autocorrelation function of the amplitude
transfer function! (Introduction to Fourier Optics, p. 199.)
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Optical image formation

Incoherent imaging

A special case: P(z,y) is a circ function.

@ OTF is the autocorrelation of the circ function.

1

H(fz, fy)

Il Il
0 0.2 0.4 0.6 0.8 1

frequency

@ There is attenuation of high frequency
@ There is a cutoff frequency

The equations derived are general enough to incorporate other forms of
optical aberrations
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Optical image formation

Resolution

The inverse Fourier transform of this OTF is jinc squared, also known
as the Airy pattern.

o Each “point” becomes an Airy pattern in the image
@ The image has a certain size, with cutoff at 1.22

o Rayleigh criterion of resolution: The center of the Airy intensity
pattern generated by one point source falls exactly on the first
zero of the Airy pattern generated by the second

o Often expressed as

A o1 (33)

—1.22
2 onsin NA

where @ is the half angle subtended by the exit pupil and NA is
called the numerical aperture.
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