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Continuous random variable X:
@ When B includes “everything” (Q), then

P(X € Q) = Ll fx(x) dx = 1 (3)

e For B to refer to a range [a, b],

Pla < X <b) :J' fx(x) dx (4)

a

o Integral is zero when the range contains only a single number, so
Pla<X<B)=Pla<X<b)=Pla<X<b)=Pla<X<Db)
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Random variables

Continuous random variable X:

@ has a nonnegative function

fx(x) =0 (1)

for all x, called probability density function (PDF)

o Integrating (“continuous summing”) this PDF gives us the
probability of an event:

P(X € B) = JB fx (%) dx (2)

for every subset B of the entire space
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]
Random variables
Continuous random variable X:
@ Normalization:
(o0)
]P’(—oo<X<oo):J fx(x)dx =1 (5)
—00

e For an interval [x,x + d]:

x+0
P(x, x + 5) :J Fx (1) dt ~ fx(x) - §

X

So fx(x) is the “probability mass per unit length” near x

@ Since fx(x) is not the probability of any event, it does not have to

be < 1.
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Example

Is fx(x) a PDF?

:
— 0O0<x<«I1
fx(x) = ¢ 2V )
0 otherwise.

ANS: Even though fx(x) becomes infinitely large as x — 0, we still
have fx(x) > 0 for all x, and

Joo fx(x)dx:J1 de:\/;c;:1

—00

So this is a PDF.
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Expectation, mean, variance
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e Expectation, mean, variance
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Example

x? x| <a

be a PDF. Find a.
0 otherwise.

Let fx (X) = {

ANS: We integrate over the entire space, and set it to one:

a 3 3
5 X7 |a 2a

= — = — :1
J_ax dx 3. 3

Therefore, a = 5
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Expectation
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The expectation or expected value or mean of a continuous r.v. X is

E(X) = J x fx(x) dx (6)

—0Q

Similar to the discrete case, it is a very useful number as a
“representative” value of X, and is also viewed as the “center of
gravity.”

Note: There can be problematic cases with integrals: even if fx(x)
1s symmetric about 0, the expected value 1s in fact not defined, e.g.
fx(x) = 1/7(1 +x2)

E. Lam (University of Hong Kong) ELEC2844
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Expectation, mean, variance

Expectation and variance

The formulas for continuous r.v. are similar to those for discrete:

E(XZ) = J'oo x? fx(x) dx

where Y =aX+b
E. Lam (University of Hong Kong) ELEC2844
Common continuous random variables

Continuous random variable
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It is useful to know the mean and variance of some common
distributions. A summary:

mean: E(X) | variance: var(X)
. ) +b (b—a)?
uniform: X ~ U(a,b) = 2
ia]- 1 1
exponential: X ~ Exp(A) X v
normal: X ~ N(u, 0?) 2
: K, u o
Jan—Apr, 2022
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(12)
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Common continuous random variables

© Common continuous random variables
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Common continuous random variables

(1) Uniform random variable

Jan—-Apr, 2022 10 / 83

Continuous uniform random variable over a range [a, b] has PDF

1 <x<b
fx(x)=¢ b—@a
0 otherwise.
fx(x)
1
b—a
a b
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(13)
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Common continuous random variables

(2) Exponential random variable

Common continuous random variables

(1) Uniform random variable

E. Lam (University of Hong Kong) ELEC2844

Exponential random variable with parameter A > 0 has PDF

1
— as<x<b
fx(x) = Ae™™* x>0
0 otherwise. fx(x) = : (14)
0 otherwise.
= b 1 1 1.2|° b fx(x)
_ _ _ _ a+
E(X) = J xfx(x) dx = J X pgdx =g 2X°| =5~ x larger A
—00 a a
b b 2 2 smaller A
E(X?) —J x%fx(x) dx —J X glodx = g1 3P . S
—00 a
—a)? X
var(X) = a2—0—<13b+b2 o (a—ﬁ—b)z _ (b12€1)
Jan-Apr, 2022 13 /83 Jan-Apr, 2022 14 /83
(2) Exponential random variable (3) Normal random variable
Gaussian or normal r.v. with parameters (1, o0 > 0) has PDF
Ae ™™ x>0 1 l2/262
fx(x) = ‘ fx(x) = e (15)
0 otherwise. V2no
This is probably the most common distribution of all (with good
0o ) 0o e Mo ] scientific reason)!
E(X) = J xAe Mdx = (—xe )| + J e Mdx=0— = )
0 0 0 A 0 A
- - 5 5 fx(x) > :I:Gj:
«— > 40
E(X?) :J x?Ae Mdx = (—xZe M) +J 2xe Mdx = “E(X) =
0 0 0 A A
2 [1\* 1
X ) = =
var(X) N (7\) N .
n
Jan-Apr, 2022 15 /83 Jan-Apr, 2022 16 /83



(3) Normal random variable

Show that the normal distribution given by Eq. (15) has unit area.

Proof: Let I = [*_e**/2dx. The trick is to go two-dimensional by
computing I2.

IZ _ <J'OO e_xz/zdx) (JOO e_yz/zdy) :J‘OO J*OO e_(xz_'_yl)/zdxdy

Then, we convert to polar coordinates:

27 poo 5 00 5
I = J J e "/ 2rdrdo = ZHJ e "/ 2rdr
o Jo 0

o0

J e “du=2n(—e") 0 = 27
Vi

E. Lam (University of Hong Kong) ELEC2844 Jan—Apr, 2022 17 / 83

(3) Normal random variable

Normal distribution X ~ N(p, 02) has mean p and variance o?.

Proof: For the mean, we will appeal to the fact that it is symmetric
around p and that the integral is defined. For variance, making use of
a change of variable y = (x — u)/0,

var(X) = 1 J (X_H)Z —(x—p)?/20? dx

T e v 2qy

OO

J o)
(e[l
(

O+x/?t> o’

9 9 9
) ) ) N
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(3) Normal random variable

Thus, we have shown that
Joo Le_Sz/zds =1
27

Then, we make the change of variable s = %L:

e 1 2,9 2
—(x—u)?/20 _
e dx =1
Joo V2mo

since ds = dx/o.

E. Lam (University of Hong Kong) ELEC2844 Jan—Apr, 2022 18 / 83

(3) Normal random variable

If X ~ N(u, 02), and a linear transformation Y = aX + b where a # 0
and b are scalars,

X ~ N(p, o2
(1, 0%) —  Y~N(ap+b,a’c?) (16)
Y=aX+b
Corollary:
gy XTH Iy B

= (—TX 5 then Y ~ N(0, 1), called standard normal.

To see why, we’ll look at cumulative density function and its use in
deriving transforms of random variables first.

E. Lam (University of Hong Kong) ELEC2844 Jan—Apr, 2022 20 / 83



Common continuous random variables Common continuous random variables

Example Example

Compute E(X) and E(X?) for the following cases:
e X = Acos(wt+0), where A ~N(u, 0?)

)
F = :
@ X =acos(wt+ ©®), where © ~ U(0, 271) or X = acos(wt +©)
)

© X =acos(wT +0), where T ~ U(—7, ) E(X) = E(acos(wt + O))
2
ANS: For X = A cos(wt + 0): — aJ ncos(wt—ke)-zldﬁ
0 7T
E(X) = E(Acos(wt+0)) = pcos(wt + 0) =0

var(X) = var(A cos(wt + 8)) = 02 cos*(wt + 6) . , , , , ,
This is because we are integrating a full period of a cosine function, so

Because var(X) = E(X?) — (E(X))?, we have the net area is zero.

IE(XZ) = (p? + 02) cos? (wt + 6)
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Common continuous random variables Common continuous random variables
Example Example

For X = acos(wT + 0):
(cont.) For X = acos(wt + ©):
E(X)=E T+0
E(X?) = E(a? cos?(wt + ©)) (X) = E(a cos(wT + 0))

T/ W w
5 27 5 1 :aJ cos(wt+0) - —dt=0
=a J cos“(wt+0) - ——do —7t/w 27
0 27
2o l E(Xz) :E(azcosz(wT+9))
27 T/ W w
a2 :aZJ cos?(wt +0) - ——dt
= 7 —7/w 2m
, 1 (m —m w a?
To compute the integral, you may want to use the relationship =45 A
02 0 — cos20 + 1
N 2 ’ Again, we are integrating a full period of cosine (or cosine squared)

functions.
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Cumulative density function

© Cumulative density function
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Cumulative density function

Definition

Properties of CDF"
@ CDF is nondecreasing.

Jan—-Apr, 2022

@ The maximum of the CDF is when x = co: Fx(o0) = 1.
@ The minimum of the CDF is when x = —oo: Fx(—o0) = 0.

E. Lam (University of Hong Kong) ELEC2844
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Cumulative density function

Definition

The cumulative density function (CDF) of a random variable X is

denoted Fx(x). This can be defined for both discrete and continuous

I.v.:

Z px (k) X is discrete
k<x

X
J fx(t)dt X is continuous
—00

It is more common to use it for the continuous case.

Interpretation: CDF 1s the accumulated probability up to x.

E. Lam (University of Hong Kong) ELEC2844 Jan—Apr, 2022
Cumulative density function

Definition

We can also obtain PMF or PDF from CDF:

px(k) =Fx(k) —Fx(k—1) discrete
d .
fx(x) = —Fx(x) continuous
dx

(17)

26 / 83

(18)

This is particularly useful when we define new r.v. through CDF, and

then differentiate (for continuous r.v.) to obtain PDF.
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Cumulative density function Cumulative density function

Example Example
For a uniform distribution X ~ U(a, b), what is the CDF? Assume you take a quiz and the score is (discrete) uniform between 1
o and 10. You are allowed to take the test three times and count only
ANS: 'The CDF is given by their maximum. What is the final PMF?
° xsa ANS: Let the qui be X1, X2, X3, 50 that X (X1, X2, X3)
: Let the quiz scores be Xy, X3, X3, so that X = max .
Fx(x) = ffoofx(x’)dx’:fzﬁdx’:ﬁ a<x<b d b An A3 DADAS
1 b <x Fx(k) =P(X < k) =P(X7 <k, X2 <k X3 <Kk)
k 3
fx(x) Fx (%) — PO < WX <KX <0 = (1)
1 1 since the quiz score for each test is independent of each other.
b—a
px(k) = Fx(k) — Fx(k — 1)
K\ k=1
X X == —|— k=1,...,10
a b a b 10 10
PDF CDF
Jan-Apr, 2022 20/ 83 Jan-Apr, 2022 30/ 83
Example Geometric CDF
prob
One quiz: Ly, Remember X ~ Geo(p) has PMF
12345678 9210 1
prob px(k)=(0—p) 'p k=1,2,...
Two quizzes: L] . Its CDF is
12345678 9210
prob n 1—(1—p)"
. Fx)=Y 0-pTp=-‘"P p1_-—p" | (19
Three quizzes: I L | x(n) ];( PP 1—(1—p) P (=7 (19)
N 1 1 k =
123456789210
prob forn=1,2,...
Five quizzes: I | ‘
o K
12345678 9210
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Exponential CDF

X ~ Exp(A) has PDF

Its CDF is
x x
Fx(x) = J AeMdt=—e M| =1 (20)
0 0
for x > 0.
Jan-Apr, 2022 33/ 83

Cumulative density function

Connecting exponential and Poisson random variables

Exponential random variable often has to do with {ime. It is also
intimately related to the Poisson process. They are the foundations of
a subject area known as queuing theory.

t (N = 8 in this case)

XK KK KK —XKX—— time
R —

T: inter-arrival time

We start with Poisson, where people arrive at a rate of A per unit time.

Thus, within a time t, the number of arrival is N ~ Poisson(At), i.e.,

(At)™ oMt

P(N=n) = y

We are interested to find the inter-arrival t2me between consecutive
people. Let this be T, which is a random variable.

E. Lam (University of Hong Kong) ELEC2844 Jan—Apr, 2022 35 / 83

Geometric and exponential CDF

Geometric and exponential CDFs are closely related. By defining
d=—In(1—p)/A, we have

e N =1-—p

and whenever x = nJd,

Fexp(8) =1—e ™ =1— (1 —p)™ =Fgeo(n) (21)

Interpretation: Suppose we toss very quickly (every & seconds,
where b < 1) a biased coin with a very small probability of heads
(equal to p =1 —e %), The first time to obtain head, which is a
geometric r.v. with parameter p, 1S a close approzimation to an
ezponential r.v. with parameter A.
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Cumulative density function

Connecting exponential and Poisson random variables

We aim to find the CDF of T. We first note that

P(T > t) = P(inter-arrival time > t)

(no arrival within t)
(N = 0 within t)

g &

The last probability is Poisson, with P(N = 0) = O‘(;‘!)O e M = AL

The CDF Fy(t) computes the total probability that T is smaller than t,
S0

Frt) =1—P(T>t)=1—e
Therefore, T ~ Exp(t).
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Cumulative density function Cumulative density function

Normal CDF (3) Normal CDF
For X ~N(0,1), the CDF is

1 x 2
Fx(x) = O (x é—J e /24t 22
X ) \/2_7'( o ( )
fx(x) — j:cri
We cannot analytically integrate the function, but we can compute it g
as a function ®(x) beforehand.
X —
Then, for X ~ N(u, 02), we can “standardize” by defining Y = - a
such that E(Y) =0 and var(Y) =1, and m X
X — _ _ _
P(xgx)zp( X ”>:P(Y<X “):cp(x “)
o o o o
(23)
Jan-Apr, 2022 37/ 83 Jan-Apr, 2022 38/ 83
Example Median, Mode, Mean
A binary signal {+1,—1} is transmitted through a channel corrupted tThhedq]tDEbalts'o gives us a direct way to find some useful statistics on
with additive Gaussian noise N ~ N(0, 02). The receiver decides the € distribution.
signal is +1 if the received signal is > 0, and —1 if the received signal is Median: The value c that separates the “higher half” and “lower
< 0. What is the probability of error? half” of the distribution:
ANS: When the signal is —1, error occurs if N > 1. c S
J fx(x)dx = J fx(x) dx (24)
‘I _
IP’(N>1):1—IP>(N<1):1—CD<E) > §
. ) ) Using CDF, that means:
By symmetry, we have the same probability of error when signal is +1,
and error occurs if N < —1. ]
As example, when 0 =1, @(1) ~ 0.84, and probability of error is Fx(c) = 2 (25)
~ 0.16.
Jan-Apr, 2022 39/ 83 Jan-Apr, 2022 40/ 83



Example

What is the median of (i) X ~ U(a,b) ; (i) X ~ Exp(A) ?

ANS: (i) For a uniform distribution, Fx(x) = $=¢ for a <x <b.
Therefore,

1 N _a+b
b—a 2 =

(ii) For an exponential distribution, Fx(x) = 1 —e~** for x > 0.
Therefore,

_ 1 1
Fx(c)=1—e =2 = c=—log2
2 A
Jan-Apr, 2022 41/ 83

Example
0 x <0
Find the mode of Fx(x) = {3x2—2x3 0<x< 1.
1 x> 1

ANS: For 0 < x < 1, we have fx(x) = %Fx(x) = 6x — 6x%. To find its
maximum, we take the derivative and set to zero,
1

d

a(6x—6x2) —6—12x=0 = x=3
To confirm that it is a maximum, we can take the second derivative
and note that it is negative:

dZ

2
—(6x — 6x°) = —12
dx?

So, c = % is the mode.

Cumulative density function

Median, Mode, Mean

Mode: The value c associated with the peak of the PDF:

c = arg max fx(x) (26)
X

(This notation means we want to find the maximum of fx(x), but we
are mostly interested in the argument x that leads to this maximum,
and assign c to this value.) Using CDF, that means:

d
c = argmax — Fx(x) (27)
x dx
Jan-Apr, 2022 42/ 83

Cumulative density function

Median, Mode, Mean

Mean: We can also find the mean directly from the CDF":

0 0
E(X) = L (1—Fx(t))dt— J_ Fx(t) dt (28)

The proof is a little bit more involved and we do it in three steps. The
discussion (and pictures) follow Section 4.4 of the reference text.
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Median, Mode, Mean

(I) Let X > 0. We want to show E(X) = J
0

We start with the right hand side:

JOO (1 —Fx(t))dt:Joo (1-P(X< t))dt:ro (P(X >t))dt
0 0

The trick is to change the integration order.

Jan—-Apr, 2022 45 / 83
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Median, Mode, Mean

Interpretation of E(X) = J (1 —Fx(t))dt:
0

0.4
ol fx(x) o8 Fx(x)
0.6

0.4

I area= mean
0.1 0.2 1

mean

Jan—Apr, 2022
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Median, Mode, Mean

t /(]x/tw(~)drdt
“t/

JOO Joo fx(x) dxdt = ” JX fx(x) dtdx
0 Jt Jo Jo
= fx(x) (J dt) dx
Jo 0
= xfx(x)dx
Jo
=E(X)

E. Lam (University of Hong Kong) ELEC2844 Jan—Apr, 2022

Median, Mode, Mean

0
(II) Let X < 0. We want to show E(X) = —J Fx(t) dt.

We again start with the right hand side, and change the integration
order:

0t
J fx(x) dxdt

J—00

rO 0
= J fx(x) dtdx

X

Jan—Apr, 2022
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Median, Mode, Mean

Derived distributions

(III) For a general X, we let X = X™ + X, where X is the positive
part and X~ is the negative part. Then,

E(X)=E(X") +E(X7)

0 0
:J (1—Fx(t) )dt—J_ Fx(t) dt

0
Interpretation: @ Derived distributions
0.4 1
x (x
f\( 0s Fx(x)
0.6}
areal
0.4}
area2
0.2} ]
mean =area l—area2
o J
5 0 5 10
mean
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Procedure Example

X ~U(0,1) and Y = vX. Find PDF of V.
Given: PDF of X, and ¥ = g(X), find the PDF of Y. ANS: Follow the procedure to find Fy(y) and fy(y).

A two-step procedure: Fy(y) =P(Y<y) = P(\/f < y) — p(x < yz) = yz
d d
frly) = -Frly) =) =2y 0<y<]
Fely) = B(Y <y) =P(g(X) <) = | x| (29) y y
{xlg(x)<y}
PDF
d
fy(y) = —F 30 fy(y)
v(y) iy v(y) (30)
fx(x)
X Or Yy



Example

1
X~U(5,10) and Y = X Find PDF of Y.

ANS: Procedure is similar, but we need Fx(x) first.

0 x <5
Fx(x) =¢ %2 5<x<10
1 10 <x
1 1
Then, Fy(y) =P(Y<y) =F( ¢ <y ng<X =1-Fx| =
1
Fy(y) ={1-(§ =5)/5=2-5; To<y<s3
1 %<y
|

Example

X has known PDF, and Y = X?. Find PDF of Y.

ANS: Fory > 0,

=Fx(Vy) — Fx(—vY)

Differentiating,

fy(y) = %fx(\/ﬁ) + %fx(—\/ﬁ) y>0

E. Lam (University of Hong Kong) ELEC2844 Jan—Apr, 2022 55 / 83

Example

Differentiating, fy(y) = { ]

PDFE PDF
20
1 fx(x) \ fy(y)
> Yy
X
5 10 1 1
10 5
CDF l CDF T
1 Fx(x) 1 Fy(y)
> /
X
5 10 1 1 Y
10 5

Derived distributions

Special case: Y is a linear function of X

Given: PDF of X, and Y = aX + b, find the PDF of Y.

Case 1l: a>0

E. Lam (University of Hong Kong) ELEC2844 Jan—Apr, 2022 56 / 83



Derived distributions

Special case: Y is a linear function of X

Given: PDF of X, and Y = aX + b,

Example: X ~ N(u, 02)

11 w20

fy(y) = —
lal v27o
1 _(y—b—ap)?
= —e 2a?0?
V2nlalo
ie., Y~N(ap+b,a?0?)
Jan-Apr, 2022

Definition

Consider two continuous r.v. X and Y, with joint PDF

P((X,Y) € B) = ” fx,v(x,y) dx dy
(x,y)eB

for every subset B of the 2D plane.
When B ={(x,y)la <x <b,c <y <dj},

Pla < x

N
&
o
N
«
IN
(=
I

d ob
J J fx,v(x,y) dx dy
a

Jan—Apr, 2022
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Joint PDF, conditioning, independence

(31)

e Joint PDF, conditioning, independence

Jan—-Apr, 2022 58 / 83
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Joint PDF, conditioning, independence

Definition

57 / 83

We can calculate the marginal PDFs of X and Y using

xx =

—0Q

) = |

(32)

fx,v(x,y) dy (34)

fx,v(x,y) dx (35)

(o) o
and, for normalization, J J

—00

(33)

Jan—-Apr, 2022 60 / 83
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Joint PDF, conditioning, independence

Example

Buffon’s Needle. We have many parallel lines at distances d apart.
Assume we throw a needle of length 1, where | < d, on the surface at
random. What is the probability that the needle will intersect one of
the lines?

Pl

d X = vertical distance from mid needle to a line
© = acute angle between needle and line

E. Lam (University of Hong Kong) ELEC2844 Jan—Apr, 2022 61 / 83

Joint PDF, conditioning, independence

Example

1 7t/2 r(1/2)sin® 4
Pl X< =sin® :J J —dxdo
2 0 0 mtd

4 (21
0
21 ‘7'[/2

= W—d(—cose) s

21

nid

This can be used as a Monte Carlo method to find 7: if we drop n
needles and h of them cross lines, then

2l n

T —

d h
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Joint PDF, conditioning, independence

Example

At random: assume a uniform joint PDF over the rectangular set
d T
s—{ofocxsfoco<]]

This rectangle has an area 7td/4, and X and © are independent, so

4
y )

0 otherwise.

Moreover, %sin © is the vertical distance between the middle of the
needle to the end points of the needle; the needle will intersect one of
the lines if and only if

X< 7 sin©®
E. Lam (University of Hong Kong) ELEC2844 Jan—Apr, 2022 62 / 83

Joint PDF, conditioning, independence

Conditioning on an event

We can have conditional PDF of a continuous r.v. X given event A

P(X € B|A) = JB fx| A (X) dx (36)

with [ fx|a(x) dx = 1. Specifically, if the event is of the form
{XeAlwithP(X € A) >0,

f d
P(X€B|X6A):P(X€B>X€A) _IAOB x (x) dx

P(XeA) PXeA)
fx(x)
x €A
fx|xeay(x) = ¢ AXEA) . (37)
0 otherwise.

Interpretation: Integrate all cases of X =x AND belonging to A,
then normalize with P(X € A).
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Joint PDF, conditioning, independence Joint PDF, conditioning, independence

Example Conditioning on a r.v.

A certain device has a lifetime following an exponential r.v. with
parameter A. Suppose now we know it has remained in operation for
time t; and let X be the additional time until it fails. What is the

conditional PDF of X, given it has already lasted for time t? The conditional PDF of a r.v. X given knowledge of another r.v. Y
ANS: Define event A ={T > t}. Let us look at P(X > x| A).
BT >t xand T > fivlxly) = XYY (38)
P(X A)=P(T>1t T>1t)= Y
(X>x]A)=P(T>t+x|T>1t) P> 1)
. P(T >t+ X) 0o
T OP(T >t similarly, J fxjy(xly)dx =1.
—00
= w — e_AX
At
So P(X < x|A) =1 — e ™, which means X ~ Exp(]A).
Interpretation: Erponential r.v. 1s memoryless.
Jem=ben, 2020 55/ G2 Jem=ben, 2020 B0 GE
Example Example
A dart lands uniformly random on a circular target of radius r. Let x
and y be the Cartesian coordinates. Find the marginal PDF fy(y) and
conditional PDF fx | y(x[y). The conditional PDF is
1 2.2 42 fx,v(x,y)
— X"+ <r — &V JJ
ANS: The joint PDF is fx v(x,y) = { ™" v Pivxly) ==
0 otherwise. :
The marginal PDF is _ mr?
1 72 Y
R ax :
— 00 7 x2+y2<r2 — if XZ _|_y2 < TZ
1 r2—qy2 2\/ 2 —yz
= — d A o .
mir2 J_ 2_y? x Gwen a fized y, this 1s uniform!
2
= —+r2—y? if y| <
VT Y iflyl<r

This 18 NOT uniform!
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Joint PDF, conditioning, independence

Conditional expectation

Let X and Y be two continuous r.v., and A an event. We can compute

the conditional expectations:

E(X|A) = xfx | a(x)dx
E(g(X)|A) = g(x)fx al(x) dx
E(X]Y) = xfx y(x[y) dx
“";OOO
E(g(X)]Y) = g(x)fx y(x|y)dx
Jan-Apr, 2022

Joint PDF, conditioning, independence

Conditional expectation

Extensions to functions of several r.v.:

o0

E(g(x,mv):j 9%, y)fx | v(x|y) dx

—00
o0

E(g(x,vnzj E(g(X, V) |Y) fy(y) dy

—00

E. Lam (University of Hong Kong) ELEC2844
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Joint PDF, conditioning, independence

Conditional expectation

Assume Aq,..., A, are disjoint events partitioning the sample space,

with P(A;) > 0 for all i.

E(X) =) P(A;)E(X|A;)

i=1

unconditional average = averaging the conditional averages

Also when A; ={Y =y},

E(X) = ro E(X|Y = y) fy(y) dy

E. Lam (University of Hong Kong) ELEC2844
Joint PDF, conditioning, independence

Independence

Jan—Apr, 2022

Two r.v. X and Y are independent of each other,

fx,y(x,y) = fx(x) fy(y)

Since fx v(x,y) = fx|v(x|y) fy(y), for all y with fy(y) > 0,

fx v(xly) = fx(x)

Can also interchange X and Y. Furthermore,

E(XY) =E(X)E(Y)
E(g(X)h(Y)) = E(g(X)) E(h(Y))
var(X +Y) = var(X) + var(Y)

E. Lam (University of Hong Kong) ELEC2844
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Continuous Bayes’ rule Continuous Bayes’ rule

Definition

Unobserved phenomenon: r.v. X with fx(x)
Measurement: Y, related to X through fy|x(yl[x)

From the observation Y =y, what do we know about X?
= we want to know fx|y(x|y)

fx(x) fyx(y[x)
fxiv(xly) = 52
X|Y Yy fY(y) ( )
Thas 1s the continuous form of Bayes’ rule. Alternatively,
. f il
© Continuous Bayes’ rule fxiv(xly) = == x(e) fvix(y[x) (53)
| axotyixtylar
—Oo0
Jan-Apr, 2022 73 /83 Jan-Apr, 2022 74 /83
Example Example
Integration by parts:
Suppose we have electronic devices with exponential lifetime b b
Y ~ Exp(A), but A itself 1s a random variable, modeled by uniform J vd_u dt = uv|2 _J ugdt
distribution A ~ U(1,3). Given we observe the lifetime of a particular a dt o dt
device to be Y =y, what do we know about A7 Letv—=tand u=—le Yt q=1andb=3
y bl ?
ANS: We want to find 5 |y(A|y) through Bayes’ rule. 3 3
lj te Yt'dt = —Le*ytf —J — e Ytdt
2 2 2
fAN=55=1  1<A<3 1 v
_ 1 3,-3 1,— 1 ,—yt|3
fyiAlylA) =Ae™™ =3 (fe o) —ape;
00 3 — 1 (¢7Y _3e3Y (e Y _e3Y
= e 3e + e e
J fA(t) fyjalylt) dt :J Tte tYdt 2y ( ) 2y2 ( )
—00 1 }\e*)\y
Ay ly) = 1 <A<3

y (e7y —3e73v) 4 # (e=Y — e—3Y)
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Continuous Bayes’ rule

Example
fAly(Aly) fAlv(Aly)
/ —
A A
1 3 1 3
(a) y=0.1 (b)y=0.5
fAv(AlY) fAv(AlY)
A A
1 3 1 3
()y=1 (d)y=2
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Continuous Bayes’ rule

Special case 1: Unobserved phenomenon is discrete

Case la: A is “binary”, so fy(y) =P(A) fy | a(y) +P(AC) fy|ac(y)

P(A) fy|a(y)

PANY =Y) = sy fy A y) + POA) Ty Ae @)

(55)

Case 1b: A is of the form {N = n}, where n =1,...,K, with pxn(n)

n)f n
P(N=n|Y=y) = EN( ) Y|N(U| ) (56)
ZPN Ufynyli)

Continuous Bayes’ rule

Special case 1: Unobserved phenomenon is discrete

Unobserved phenomenon: event A with P(A)
Measurement: Y, related to A through fy | (y)

From the observation Y =y, what do we know about A?
= we want to know P(A|Y =y)

P(A) fy | a(y)
PA|]Y=y) = ———— (54)
fy(y)

Example

A binary signal Swith P(S=1)=pand P(S=—-1)=1—pis
transmitted, which is corrupted with independent Gaussian noise
N ~N(0,1), and the received signal is Y = N + S. What is the
probability of S =1 given an observation Y = y?

ANS: Let A ={S =1}

fyialy) ~N(1,1)
fy|ac(y) ~N(=1,1)
1 2
L e (y—=1)/2
P e
PAlY =y) = V2n

1 1
e ly—1)2/2 L (1 = e (y+1)?/2
P + 10),?t

peY
peYy + (1 —ple ¥
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Continuous Bayes’ rule

Example

peY

P(Sz]IY:y):pey+(] —

Let us consider specific values of p:

P(S=1|Y=y) P(S=1|Y=y)
(a) p=0.2 b) p=0. 5
E. Lam (University of Hong Kong) ELEC2844 Jan—Apr, 2022 81 / 83
Conclusions

We developed the basic toolset for continuous random variables, and
looked at some common distributions.
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Continuous Bayes’ rule

Example

PS=1]Y=y) =

peY

Let us consider specific values of y:

P(S=1]|Y=y)

(a)y=0

E. Lam (University of Hong Kong)

ELEC2844

peY + (1 —ple Yy

P(S=1]|Y=y)

0

1
(b)y=1

Jan—Apr, 2022
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